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Abstract 

We derive the low energy effective action of the heterotic superstring in superspace. This 
is achieved by couphng the covariantly quantized Green-Schwarz superstring of Berkovits 
to a curved background and requiring that the sigma model has superconformal invariance 
at tree level and at one loop in a'. Tree level superconformal invariance yields the 
complete supergravity algebra, and one-loop superconformal invariance the equations 
of motion of the low energy theory. The resulting low energy theory is old-minimal 
supergravity coupled to a tensor multiplet. The dilaton is part of the compensator 
multiplet. 
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1 Introduction 



Low energy effective actions play an important role in the study of string theory, and not 
only for phenomenological applications. They also provide important pieces of evidence 
for the existence of various dual descriptions of string theories. One can consider low 
energy effective actions in their own right as specific examples of locally supersymmetric 
field theories. The structure of these low energy effective field theories is constrained 
not only by the requirement of local supersymmetry, but also by the fact that they 
represent low energy effective theories of some string theory. It is clearly desirable to 
obtain as much understanding of these constraints as possible. One of the most powerful 
ways to obtain such constraints is by analyzing the two-dimensional sigma model that 
describes the string theory coupled to the background fields of the low energy effective 
field theory. Unfortunately, until recently no sigma model description was known which 
was formulated directly in terms of a target superspace and which had manifest local 
target space supersymmetry (this problem is also known as 'the covariant quantization 
of the superstring'). Without such a sigma model description, one can only work in 
components and not determine the off-shell description that is selected by string theory. 
In addition, it is in general quite difficult to obtain the fermionic part of the effective 
action without a manifestly supersymmetric sigma model. In the RNS formalism for 
example, the fermionic terms can only be obtained by a calculation of S-matrix scattering 
amplitudes. 

It is important to know the precise off-shell description, as it provides constraints on 
the allowed types of matter couplings in the low energy effective action. Furthermore, 
it provides constraints on the structure of higher order a' corrections, and it provides a 
natural framework to study the interplay between T-duality and supersymmetry, super- 
symmetry breaking, and non-renormalization theorems. 

The sought for sigma model description of string theory was obtained recently by 
Berkovits i- In the case of heterotic string theory compactified to four dimensions, 
it is a sigma model with = (2,0) supersymmetry on the world-sheet. The coupling 
of the theory to background fields was discussed in Q], where also the form of the low- 
energy effective action was proposed, based on indirect arguments. In this paper we 
perform a detailed study of this sigma model. We show how the tree-level analysis of the 
sigma model yields a complete set of supergravity constraints, and how this determines, 
by means of the Bianchi identities, the supergravity algebra. Next, we study the sigma 
model at one loop, and find the equations of motion of the supergravity theory, all in 
superspace. We determine the action that reproduces these field equations, and thereby 
establish that the theory that describes the four dimensional fields of the compactification 
of the heterotic string is old- minimal supergravity coupled to a tensor multiplet. The 
dilaton is part of the chiral and anti-chiral compensator fields |^, and not, as is often 
claimed, part of the tensor multiplet. This affects, in the presence of charged matter 
fields, the structure of the effective action, especially at higher string loops. 

The outline of this paper is as follows. In section two we review the new covariant 
sigma model description for the heterotic string. We first describe the sigma model in flat 
space, in which case it is an exact conformal field theory. Next we couple the sigma model 
to a curved background. To do this we first rewrite the action in the fiat background in a 
manifestly supersymmetric way, and then promote the fiat vielbeins and antisymmetric 
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tensor fields into arbitrary unconstrained fields. The sigma model is then by construction 
target space super-reparametrization invariant. Moreover, when expanded around a flat 
background it contains all massless vertex operators of the heterotic superstring. For 
simplicity we set both the compactification dependent and the Yang-Mills background 
fields equal to zero. Our method can easily be extended to include these fields as well. 
Next, we add a Fradkin-Tseytlin term to the sigma model to accomodate the dilaton. 
The structure of the Fradkin-Tseytlin term, proposed in [Q, forces the dilaton to be part 
of a chiral and anti-chiral target space superfield, and shows that it cannot sit in the 
same multiplet as the antisymmetric tensor field. 

The sigma-model, thus constructed, has a local target space Lorentz and U{1) in- 
variance. In section 3 we show how to maintain this symmetry at the quantum level 
using the background field method. We develop a background field expansion that it is 
covariant with respect to both the Lorentz and the U{1) symmetry. One of the interest- 
ing features of the sigma model is that it has a chiral boson p whose kinetic term is a' 
independent, and which has to be treated exactly. This can be achieved by means of a 
field redefinition, and allows us to develop a hybrid perturbation theory where we treat 
all fields perturbatively except the field p that we treat exactly. We use this perturbation 
theory to analyze the sigma model at tree level. Due to the presence of the chiral boson 
p, a Poisson bracket analysis of the theory would not be sufficient, and one has to analyze 
tree diagrams in perturbation theory instead. From the tree diagrams we obtain a set of 
constraints, which, when supplemented with a maximal set of conventional constraints, 
provides a complete set of constraints for conformal supergravity coupled to a tensor 
multiplet. This, as well as the complete supergravity algebra, follows from the solution 
to the Bianchi identities. 

In section 4, we check the superconformal invariance of the sigma model at one loop, 
by computing the OPE's of the N = 2 generators in perturbation theory. We evaluate 
all one-loop graphs in momentum space using a version of dimensional regularization 
suitable for this sigma model. We find that the non-holomorphic terms in the OPE's 
yield the field equations of the low energy effective field theory. The extra holomorphic 
terms that appear in the calculation but should not be there can all be removed using 
suitable one-loop counterterms and a modification of the background field expansion. 
The latter is, unfortunately, rather ad hoc, and we have not yet understood whether this 
has a geometrical interpretation or is an artifact of the scheme we use. We conclude this 
section by a discussion of sigma model anomalies, and show how they can be cancelled by 
a superspace version of the Green-Schwarz mechanism. Also, we briefly indicate which 
part of the calculation is reproduced by a standard beta-function calculation. Such a 
calculation would be the most efficient way to obtain some results at two loops. 

Having obtained the field equations we then look in section 5 for a supergravity action 
that reproduces the same field equations. This is a rather tedious exersice in supergravity 
theory. Although it is straightforward to write down candidate actions, to find out what 
their field equations are is not an easy task. This is because the supergravity fields are 
constrained. Hence, when varying the action to obtain the field equations the variations 
should respect the constraints. To achieve this we express the variations in terms of 
unconstrained prepotentials. Our final result is that the low energy effective theory of 
the heterotic superstring is old-minimal supergravity coupled to a tensor multiplet. 

In section six we present our conclusions and some possible applications of our results. 
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The superspace conventions we used throughout the paper are summarized in appendix 
A, and appendix B provides details of the solution of the Bianchi identities presented in 
the main text. 

2 The covariant description of 4d compact ificat ions 
of the heterotic string 

2.1 Flat space 

In this section we review the construction and some of the properties of the two-dimensional 
sigma model which is manifestly space-time supersymmetric and describes 4d compact- 
ifications of the heterotic string. This covariant description originated in |1|] and was 
further developed in [@], |^ and Q]. For a review, see 0. 

An important distinction between the covariant formulation and the RNS or Green- 
Schwarz formulations of the heterotic string is that in the covariant formalism the het- 
erotic string arises as a critical (2, 0) string theory rather than a (1, 0) one. In a flat 
4d background, the 4d-part of the heterotic string is in the (2, 0) superconformal gauge 
desribed by the following action^ 



where = (x™, 6°', 6°') are the coordinates of fiat 4d superspace, the p's are the con- 
jugate fields of the ^'s and p is a boson with a 'wrong' sign for the kinetic term. We 
omitted here the 32 — 2r heterotic fermions and the c = (9, 6 + r) internal superconformal 
field theory coming from the Calabi-Yau sector, as we will not consider background fields 
coming from these sectors in this paper. However, our methods can be easily extended 
to include these fields as well. Notice the explicit factor of a' in front of p, from which it 
follows that the p-sector of the theory is completely a'- independent. One of the conse- 
quences this will have for us later is that in order to obtain results at a fixed order in a', 
we need to treat the p-sector exactly rather than perturbatively. The U{1) gauge field 
component will be viewed as a Lagrange multiplier imposing the constraint dp = 0, so 
that p becomes a chiral boson. If we couple the theory to (2, 0) world-sheet supergravity, 
the theory will contain both components and of a U{1) gauge field. One might 
think that the gauge fixed theory should therefore have both a left and right moving 
f/(l) symmetry, but this is not quite true, since the two U{1) gauge fields gauge only 
one symmetry {p ^ p + constant), so that only one component of the gauge field can be 
gauged away. The other remains as a Lagrange multiplier (modulo global issues, which 
we ignore in the remainder). 

From the action (|2.1|) one derives the following OPE's 



•^We use an Euclidean world-sheet, and the measure (Pz denotes dxdy/Tr, with z = x + iy. The advan- 
tage of this convention is that we never see explicit factor of tt. In particular the following ditributional 
identity holds: dz{z — w)~^ = S^'^\z — w), where — w) is the delta function with respect to the 

measure (Pz. 
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It has a (2, 0) superconformal symmetry on the world-sheet with generators 
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where we defined^ 



da = Pa + to^'dxaa + lo^dea-^eadie^) 

da = Pa + ie''dXaa + \e''d9a-\ead{9^) 



c/2 2T{w) dT{w) 



The generators in ( p.3| ) satisfy the usual N = 2 superconformal algebra 
Tiz)Tiw) = 
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(2.2) 



(2.3) 



(2.4) 



(2.5) 



with c = —3. This central charge is exactly what we need, since combined with the 
c = +9 N = 2 algebra in the Calabi-Yau sector the total N = 2 algebra has central 

''For simplicity, we will abbreviate d"da and V"Vq by cP and V^. 
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charge c = +6, which is precisely the central charge needed to obtain a critical N = 2 
string (6 = 26 — 11 — 11 + 2). In contrast to the RNS string where only an = 1 
subalgebra of the N = 2 algebra of the internal Calabi-Yau sector appears as a local 
symmetry algebra, here we need the full N = 2 algebra. 

In verifying ( p.5[ ) one has to be a bit careful. For example, to verify that G has a 
regular OPE with itself, one needs to check that the normal ordered product of (rf)^ with 
itself vanishes. If this would be nonzero, it would (due to the factor e*^ in G) appear as 
a first order pole in the OPE of G with G. The easiest way to verify (|2.5| ) is to use the 
following intermediate results 



da{z)di3{w 

da{z)dp{w 
da{z)dp{w 



dc,{z)Iip^{w 



da{z)Iip^{w 

d^{z)da{w 

(P'{z)da{w 



regular 
regular 
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where d"^ = d°'da, d"^ = d^da and we defined 
in terms of which T becomes 
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ia'id'^Uaaiw) 
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Aa'id^Iirydw) 
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The advantage of the variables d and 11 over p and x is that they commute with the 
target space supersymmetry generators 



dz 
2Tri 
dz 
2Tii 



p^ - id'^dx^^ + \hd{9''] 



(2.9) 



In general, we can define variables 11^, 11^ using vielbeins Em^ to convert curved into 
flat indices 



^z^'E^, 



M 



= Bz'^Em^. (2.10) 

-QQo reduces to ( p.7|) when Em^ is the vielbein of fiat superspace, which is one on the 
diagonal and has off-diagonal components 



Ef, 



E^ 



(2.11) 
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The action also becomes manifestly target space supersymmetric when written in terms 

of n^, n^, 

s = ^ f rf2z(^n'^"n«^ + rf„n" + rf^n° + Iu^u'^Bba - ^dp{dp + a,)) (2.12) 

a J Z 2 2 

where we introduced an anti-symmetric tensor field Bba whose only non-zero components 
are 

Covariant derivatives are in flat superspace given by Va = E^^^Om, where the inverse 
vielbein E^'^ has one on the diagonal and off-diagonal components 

E^A'/i = -id^^'e^, E^"^ = -id^^e^, (2.14) 

as follows from ( [2.111 ). From this we deduce that the non-zero torsion of fiat superspace 
is in our conventions given by 

Ta,/^ = -2i6j6a^. (2.15) 

Associated to the anti-symmetric tensor field in ( p.l3| ) is a non-zero field strength Habc- 
With curved indices it is given by Hmnp = \d[MBNP) which in terms of fiat indices 
becomes 



\'^[aBbc) - \ 
The only non-zero components of H are 



Habc = -'^[aBbc) — -:T[AB^ B\o\c)- (2-16) 



and its permutations. 



2.2 Relation with RNS and Green-Schwarz formalism 

For completeness, we briefly indicate the relation between this formalism and the usual 
RNS and Green-Schwarz formalisms 

The usual light-cone variables of the four- dimensional Green-Schwarz superstring ap- 
pear after bosonizing a pair (po,6'") for a = 1 or a = 2, or a pair {pa,^a), and by 
imposing the constraints that follow from the N = 2 algebra. The stress-energy tensor T 
can be used to gauge d{x'^ + x^) to 1, and the constraint T = can be used to eliminate 

— x^. The U{1) current J can be used to gauge p = ia, where a is the boson used 
to bosonize a pair {p,6) via p = e~^'^,d = e**^, and subsequently J = is used to take 
dp = 0. Next, G and G can be used to gauge a 9 and a 9 equal to zero, and G = G = 
can be used to eliminate the two corresponding p's, so that all that remains is x^, x^ and 
one pair {p,9), which are the light-cone Green-Schwarz variables. 

The relation with the RNS formalism starts by embedding the = 1 RNS string in a 
critical N = 2 string following p| . The cohomologies are the same in the two cases, which 
can easily be seen from the fact that the two BRST operators are related by a similarity 
transformation 0. Subsequently, one needs to perform a field redefinition and a further 
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unitary transformation to arrive at the N = 2 string described in the previous paragraph. 
A nice check on this procedure is that only those fields in the RNS string that survive 
the GSO projection can be transformed into a single valued field in the N = 2 string, 
which is what one would expect in view of the manifest target space supersymmetry of 
the latter. 



2.3 The (J- model in a curved background 

Our next task is to formulate the sigma model in ( |2.1| ) in a curved background 0. The 
main requirements this formalism should be subject to are: (i) it should be manifestly 
world-sheet covariant, (ii) it should be target space supersymmetric, (iii) when expanded 
to first order around a fiat background one should recover the massless vertex operators 
of a fiat background and (iv) the complete set of massless physical states of the heterotic 
superstring should be present. 

The massless vertex operators were discussed in and can be obtained, for example, 
by transforming the vertex operators in the RNS formalism to ones for the N = 2 string 
discussed here, as explained in the previous section. They have the form 

V = J ciMG',[G,\4^]}n"'^ (2.18) 

where G = § ^G{z) = G_i/2 and similarly G are the N = 2 world-sheet supersymmetry 
generators, and they have precisely the form as one would expect for a theory with 
N = (2, 0) world-sheet supersymmetry. Furthermore, from the requirement that the 
vertex operator produces a state in the BRST cohomology it follows that V must be an 
N = 2 primary of conformal weight zero and U{1) charge zero, i.e. V should have only 
single poles in the OPE with T, G, G and have a regular OPE with J. To analyze this 
condition, consider the following OPE's of T, G, G with an arbitrary function M of Xaa 
and 



da{z)M{w) 
daiz)M{w) 



{z — w) 

aVaM{w) 
{z — w) 



{z — wY {z — w) 

^, ,,,, , 1 ( a'e'PV^V^M{w) 2e'P<PV^M{w) 
G{z)M{w) = -j=\ 2.^2 + 



zV8a;' V (z - wj^ [z -w) 



U — w [z — w) 



(2.19) 

where we as an intermediate step also included the OPE of the ci's with M. From these 



equations we read off that the conditions for V in (|2.18|) to be a = 2 primary of 
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conformal weight zero are 



V^VcMpp = V°V^y^^ = V""V„^\/^^ = (2.20) 

In addition, V should be a primary field of weight one with respect to the anti-holomorphic 
Virasoro algebra, yielding the additional condition 

d^%^ = (2.21) 

These equations do not yet completely classify the inequivalent vertex operators of the 
theory, because it is possible to perform certain gauge transformations that do not change 
the form of V . The integrated vertex operator V is invariant under 

5{V^Jr'') = [L^i,Z] (2.22) 

and under 

SV^^ = {G, e-'PX^^} + {G, e^^X, J (2.23) 
from which we find, up to some constants, 

5V^a = VaaZ + V^V^X,^ + V^V^Xa- (2.24) 



One may verify that Vaa, subject to ( |2.2U| ), ( [^.21D and with the invariance ( |2.24D describe 



the on-shell content of supergravity coupled to a tensor multiplet, with prepotential Vaa 
0]. To do this verification, one chooses a Wess-Zumino gauge for Vaa, after which one 
can count the off-shell degrees of freedom contained in Vaa- There are 12 bosonic and 12 
fermionic off-shell components, and by examining their spins one finds that they indeed 
describe conformal supergravity coupled to a tensor multiplet. 



The structure of the linearized field equations and gauge fixing conditions ( |2.2CI| ) 



( [^.21| ), and the gauge invariances in ( |2.24| ) were all dictated by the particular form of 



the two-dimensional theory we started with, and by the fact that the theory has an 
N = 2 superconformal symmetry. Different manifestly target space supersymmetric two- 
dimensional sigma models describing the heterotic string might yield different off-shell 
descriptions of supergravity, but since the sigma model we discuss here is the only known 
covariant description of the heterotic string, this is also the first time we do actually see 
string theory selecting a particular off-shell description. 

Our next task is to write down the sigma model in an arbitrary curved background. 
To do this, we should couple the sigma model in flat space to the most general possible 
set of background flelds. In addition, we want to compare this with the vertex operators 
( p.l8| ). To see what type of coupling to background flelds the latter predicts, we use the 
fact that for an arbitrary function M of x, 6, 9 the following identity holds 

[G,[G,M}} = 2n"V„M - ^c/"(V^V^V«M) 

-a'SpV^^VaVaM (2.25) 
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which can be rewritten as 

[G, [G,Af}} = (n"VaM-n^Vc.M) + .9M- ^n"^[Vd„VjM 

+^(5p)(V'V2 - V'V' + 8V"''Vaa)M, (2.26) 
8 

where = V"Va and = V"Vq,. Based on these observations, one is then led to 
propose [^] for the sigma model in curved space exactly the form as given in ( p.l2| ) 

s = -f d2z(in"°n«^ + + d^n" + Iu^u'^Bba - %dp{dp + a,)) (2.27) 



with the definitions in (p. 10 ), but now with arbtitrary vielbeins and anti-symmetric tensor 
fields. One might imagine also introducing terms like dp^^NA and ghost dependend 
terms in the sigma model, but such terms are not present in the vertex operators (the 
dp term in ( p.26| ) drops out when M satisfies ( p.20| )), and are probably forbidden by 
world-sheet superconformal invariance (for example, dp terms would break world sheet 
f/(l) invariance). Therefore we will not consider such couplings here. The generators 
J, G, G of the N = 2 algebra are the same for the sigma model in curved space and in 
fiat space (see (|2.3|) ), but the stress energy tensor is in curved space replaced by 

hr'^Ilaa - dojr - djr + y^pSpj . (2.28) 

As usual, the sigma model action contains potentials Bba and Em"^ rather than a 
prepotentials like Vaa- In particular, the sigma model is manifestly space-time supersym- 
metric. Of course, the anti-symmetric tensor field and the vielbeins contain many more 
degrees of freedom than the prepotential Vaa- We can at this stage already see what we 
expect will happen when we do a perturbative analysis of (|2.12 ). The single poles in 




( p.l9| ) arise from tree-level contractions, whereas the double poles arise from double con- 
tractions, corresponding to one-loop diagrams. Since it is the double poles that give rise 
to the linearized field equations for the physical components of the vertex operator, we 
expect that in our sigma model the equations of motion will only appear at one-loop, and 
that at tree level we will find a set of constraints that reduces the field content from the 
vielbein and ant i- symmetric tensor field to the field strenghts of conformal supergravity 
coupled to a tensor multiplet. (As the sigma model is manifestly supersymmetric, we 
expect to find the field strengths rather than the prepotentials of supergravity.) Later, 
we will see that this is indeed what happens (in a rather subtle way), but before we do 
a perturbative computation in (|2.12|) , we first have to include a Fradkin-Tseytlin term 
in the action to take the dilaton into account. Including the dilaton, the field content 
becomes that of Poincare supergravity coupled to a tensor multiplet. 



2.4 The Fradkin-Tseytlin term 

The Fradkin-Tesytlin term in the action will be a direct generalization of the dilaton 
coupling / d^Zy/gR^ of the bosonic string |T^. The dilaton is not part of the anti- 
symmetric tensor field Bab, because it should not couple classically in the action. As we 
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will see later from the tree-level constraints, the tensor multiplet is expressed completely 
in terms of the torsions, and in particular the constraints break target space conformal 
invariance. Therefore the dilaton must be part of the remaining superfield, which is the 
conformal compensator. In a more conventional formulation one would use the conformal 
invariance to gauge fix the conformal compensator rather than the tensor multiplet, but 
in the sigma model it is the other way around. Something similar happens in the bosonic 
string: the dilaton there is the compensator for conformal transformations, a fact which 
is reflected in the wrong sign of the kinetic term of the dilaton. This is very particular 
for the 'string gauge' for target space conformal transformations that the sigma model 
selects. By going from the string gauge to another gauge by means of a field redefinition, 
it is possible to obtain a kinetic term for a scalar degree of freedom which does have the 
right sign. However, this scalar degree of freedom should no longer be called the dilaton, 
the dilaton being by definition the scalar field which counts the number of string loops. 
Similar statements apply to heterotic superstring and will be discussed in more detail in 
section 5. 

To write down the explicit form of the dilaton term, we need to know a little about 



N = (2, 0) world-sheet supergravity [|Tl|] and = (2, 0) superspace. The latter contains 
two extra anti-commuting coordinates which we will call k and k. The two (holomorphic) 
superderivatives are D = di^—Rd and D = dj^—nd, whereas the supersymmetry generators 
are Q = d^^ + Rd and Q = dji + nd. They satisfy {D, D} = —2d and {Q, Q} = 2d. If we 
want to identify the action of Q and Q with those of G = / and (5, we find that a 
(2, 0) superfield is expressed in terms of its lowest components as follows 

$ = + k[G, (/)} + R[G, 0} + \kR{[G, [G, 0}} - [G, [G, 0}}). (2.29) 

In particular, if cf) is target space chiral 

^ = <P + K[G,(i)} - KRd<p (2.30) 
and, correspondingly, if is target space anti-chiral 

^ = (j) + R[G,<i)} + KRdct). (2.31) 

With these conventions, we find that the (2, 0) world-sheet super stress-energy tensor 
is given by the component expansion 

e = J - kG + + 2kRT. (2.32) 

On a curved (2, 0) world sheet, the derivatives D, D and d get replaced by covariant 
derivatives V^, V^, and V z- In the case of a (0, 0) world-sheet, the curvature arises in the 
commutator [Vz, V^] ~ RM, where M is the generator of Lorentz transformations. In the 
same way, the curvatures of a (2, 0) world-sheet can be extracted from the commutators 
[Vs, Vj] ~ S(M + iY) and [V«, Vj] ~ S(M - lY), where Y is the generator of f/(l) 
transformations, with respect to which k and R have weights ±|, and S and S are 
respectively chiral and anti-chiral world-sheet supercurvatures. The components of S 
look like S ~ x -|- k{R + iF) — uRdx, where R and F are the world-sheet curvature and 
f/(l) field strength, and x is the gravitino field strength [^. If now $ and $ are the 
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chiral and anti-chiral world-sheet superfields associated to target space chiral and anti- 
chiral superfields 0,0 as in ( 2.30| ) and (|2.31 ), we can write down the Fradkin-Tseytlin 



term 



J (fzdKe^^^^ + j (fzdRr^^^ (2.33) 

where e is the (2, 0) world-sheet chiral density. The fields $ and $ have to be chiral and 
anti-chiral, otherwise ( p. 33 ) would break local (2, 0) world-sheet supersymmetry. 



The precise form of the Fradkin-Tseytlin term will not be very important to us in the 
remainder, since we will always work in superconformal gauge. In superconformal gauge, 
E ~ indaz and the only remnant of the Fradkin-Tseytlin term is an additional term in 
the action 



AS = -^J d^zd{(t) - (t))a,. (2.34) 

In addition, the Fradkin-Tseytlin term modifies the generators of the = (2, 0) super- 
conformal algebra. This modification can easily be determined from (p.33|), and reads 



e^e + (9(<i>-<i>). (2.35) 

However, there is an additional modification of the stress-energy tensor induced by the 
extra term ( p.34| ), which tells us that it is no longer p but rather p + i{(f) — 0) which is 
the chiral boson. Together with the components of ( 2.35| ) we then find for the generators 
in the presence of a dilaton 

J J + d(j)-d^ 
G G - —^d(e'Pd^V^ 



'la'i 

G G - ^=d[e-'Pd^\/ 



7^ 



a \ I 

+ ^9(p + 2(0 - 0))9(p + 2(0 - 0))) - ^9^(0 + 0). (2.36) 



Previously we required that the expansion around a fiat background of the sigma 
model in curved background should to first order reproduce the massless vertex operators 
of the theory. This is true for all massless vertex operators except the dilaton (for a 
discussion see e.g. fl^). There is a corresponding statement for the dilaton coupling, the 
soft dilaton theorem |jl3|, 0], which states that the insertion of a dilaton vertex operator 
in a correlation function measures the world-sheet curvature at that point, exactly as one 
would expect from the Fradkin-Tseytlin term (for a more recent discussion of the dilaton, 
T5[|). Thus one could attempt to further justify the form ( p.33| ) by showing that in 



see 



this formulation of the heterotic string there are two dilaton-type vertex operators, that 
respectively compute the world-sheet curvature and UiX) curvature. 

Instead of ( |2.33|) , there may be other possibilities to couple the dilaton. For example, 
1^ the dilaton is coupled to the ghost current rather than to the world-sheet curvature. 



m 



The difference between the two couplings is given by a term quadratic in the dilaton which 
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through a field redefinition be absorbed in the target space metric. In either case the part 
hnear in the dilaton is uniquely given by the Fradkin-Tseytlin term. Dilaton couplings 



with a different Fradkin-Tseytlin type term have been suggested in |T^, but it is not 
clear how to implement these in the present context. 

In our case we will find it convenient to redefine the U{1) gauge field by 

o-z ^ o-z + '>'d{(f) — 0) (2.37) 

which does not change the theory but introduces a quadratic dilaton term in the action, 
which now reads 

s = ^ [ rf2z(in""n„^ + rf„n" + c/^n^ + ^n^n^s^A 

a J 2 2 

-^{Bp + td{<j) - 4>)){dp + id{<P - 0) + a,)) (2.38) 

After this redefinition, the action is invariant under the following local spacetime U{1) 
transformations 

50 = -^A, 50 = Ia, (2.39) 

SIT = -^An", 5U^ = ^An", (2.40) 

6da = -Ada, Sda = —-Ada, 5p = iA (2-41) 



In addition, the action ( |2.38 ) is invariant under local target space Lorentz transformation. 



and the covariant derivatives with a fiat index A contain therefore both a spin and a 
U{1) connection (the conventions we use for these are given in appendix A); in particular 
the dilaton should be covariantly chiral, a U{1) invariant statement. Both the Lorentz 
and U{1) symmetries need to be preserved after quantization of the sigma model, in order 
to arrive at a non-anomalous target space theory, but both can suffer from sigma-model 
anomalies. One does indeed expect such anomalies to be present, due to the fields da and 
da, which are like chiral fermions, although their conformal weight is one. We postpone 



the discussion of the anomalies they cause to section |4.3| , and we will for the time being 
assume that the Lorentz and U{1) symmetries are unbroken. Notice that one necessary 
condition for this to hold is indeed satisfied, namely the generators of the N = 2 algebra 
in ( |2.3| ) together with ( |2.36| ) are U{1) and Lorentz invariant. 

Having described the sigma model and some of its properties, we now turn to its 
perturbative analysis. 



3 The sigma model at tree level 

3.1 Perturbation theory in the sigma model 

Before setting up the perturbation theory in a' for ( p.38|) using a covariant background 
formalism, we notice that there is one immediate problem, and that is the field p. Its 
kinetic term does not have an explicit factor of 1/a' in front, and therefore an arbitrary 
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number of p-loops contributes to any given order in a' . In addition, in ( |2.38|) p couples 
to the other fields of the theory through — 0, and it is not obvious whether or not it 
is possible to find explicit results for all diagrams with a fixed number of p-loops and 
to sum them up. Furthermore, in (|2.38| ) the world-sheet Lagrange multiplier az imposes 
the constraint (9(p -|- ^(0 — 0)) = which is difficult to handle. Luckily, these last two 
problems disappear if we make the field redefinition 



P 



(3.1) 



after which p becomes a chiral boson which can be quantized exactly, and which does not 
interact with the other fields in the theory. Our perturbation theory will therefore consist 
of a hybrid combination of conventional perturbation theory for all fields except p, and 
exact conformal field theory results for p. After this field redefinition, the generators of 
the N = 2 algebra read 



J 

G 

G 



-idp 
1 




'2a'i 



a' 



a' 



-n""n«i - ci„n" - ^n" + —dpdp - -d\<p + 



(3.2) 



Next, we describe the kind of calculation we intend to do. Our goal is to obtain the 
equations of motion of the low-energy effective target space action that is obtained from 
( p.38| ) by integrating out all world-sheet fields. In the case of the bosonic string, the 
equations of motion are equivalent to finiteness of the sigma model and can therefore 



be obtained from the beta-functions for the background fields |jT8|, |T9|, |T^. It is, due 
to the presence of the p-field, not obvious that a similar computation would provide 
the equations of motion in our case. A second complication is that finiteness of the 
sigma model only implies that the sigma model is conformal, and does not guarantee 
the full N = (2, 0) superconformal invariance. The latter would only follow from a 
standard supersymmetric /3-function calculation if the model could be formulated in 
N = (2, 0) superspace on the world-sheet, which does not seem possible. In view of these 
complications we have chosen to employ an alternative approach, which we will compare 
to /3-function calculations in section ^.4| . 

Our approach is an extension of the one that has been developed for the bosonic string 
in []T6|. In that paper it is shown that the equations of motion for the bosonic string 
can also be derived by requiring nilpotency of the BRST-operator of the sigma model 
through one-loop. This is in turn equivalent to demanding that the Virasoro algebra is 
preserved at one-loop. The equivalent statement in our case would be that the N = 2 
algebra in ( |2.5| ) is preserved at one-loop, and this is certainly something we can check. 
One-loop here refers to our hybrid way of doing perturbation theory, i.e. one-loop in all 
fields except p and to all orders in the field p. 
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To verify (|2.5| ) at one-loop, we use a covariant background field expansion in the 
action of the sigma model, and so that every field gets a non-zero vacuum expectation 
value, except p, which we treat exactly. Next, we require that the singular parts of the 
one-loop expectation values of each of the pairs of operators on the left-hand sides in 
( p.5| ) matches the one-loop expectation value of the right-hand side. For example, for the 
Virasoro algebra, we want to verify the identity 

<T(.,TW>^-^.^f^.i^ + .egula. (3.3, 

[z — W)^ [Z — Wj^ [Z — W) 

through one-loop. This computation will be desribed in section ^, but before that we 
first have to describe the background field expansion of the sigma model and to analyze 
it at tree-level. 



3.2 Covariant background field expansion 

In the background field method all fields are decomposed in terms of background fields 
which satisfy the classical field equations^ and quantum fields which represent the quan- 
tum fluctuations around the background fields. We want to develop an expansion which 
is covariant with respect to the target space local symmetries. In our case, this means 
a local Lorentz and U{1) covariant expansion. The traditional way to achieve such an 
expansion is to use Riemann normal coordinates |2^. Riemann normal coordinates are 
defined as follows: Let Zq be a point on a (super)-manifold and y*^ a tangent vector at Zq. 
Let Z{t) be the geodesic that satisfies Z{0) = Zq and ■^Z{t)\t=o = y'^\ then the ?/*^ define 
coordinates in a neighborhood of Zq by associating to y^^ the point Z{Zq] y^') = Z{t)\t=i 
oi A4. In Riemann normal coordinates, one labels the point Z{ZQ\y^) by Z^^ + y^'^ , 
and in those coordinates the geodesies are are just straight lines eminating from Zq^ . In 
general the geodesic Z{t) is given by Z{t) = Z{Zo;ty'^). 

The geodesic equation can be written as 

dZ^^ dZ^ ^ 

Now let us denote by y^i^Z^] y^^) the tangent vector at Z{Zq] y^'^) obtained by parallel 
transporting the tangent vector y^ at Zq to the point Z{Zq] y^^) along the geodesic 
Z{ZQ;ty^^). In other words, y^{ZQ;y^^) satisfies y^{ZQ;0) = y^ and 



dZ^{ZQ] ty 



Vp2/^(Zo;ty^) = 0. (3.5) 



dt 

The geodesic equation implies that ( |3.5| ) is solved in particular by 



y'\Zo-ty^)^j^Z'\Zo;tyn, (3.6) 

which allows us to rewrite ( WM) as 

y''{Zo-y^)VMy''{Zo-y^) = 0. (3.7) 



5 



If one is only interested in the IPI effective action it is not necessary to require that the background 



fields satisfy the classical equations of motion; in our case we want to verify identitites like (3.3) and 
then it is more convenient to impose the equations of motion. 
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In particular, in Riemann normal coordinates, the tangent space at Z{Zq; y^) = Z^ + y^ 
is naturally identified with the tangent space at Zq, and (|3.7| ) is solved by y^ [Zq] y^^) = 



N 



y 

The covariant background field expansion is achieved by performing a power series 
expansion in the Riemann normal coordinates and then covariantizing the result 



t' = T{Zo + = E -^9mi ■ ■ ■ 5a/„T)(Zo) ■ ■ ■ 2/ 

n! 



Ml 



(3.8) 



where T{Z) is any tensor. The coefficients of the expansion are covariantized by writing 
the derivatives in ( |3.8|) as the difference of a covariant derivative and a connection piece, 
and by subsequently using relations between non-covariant objects, like derivatives of 
connections, and covariant tensors that are only valid in Riemann normal coordinates. 
For example, in the purely bosonic case we have in normal coordinates relations of the 
form ^ 

^k^mn ~ 2^"^ mkn ~^ ^ nkm)- (3-9) 

If, however, one is only interested in the expansion of scalar quantities then there is a 
better algorithm available ETI, 12^. Observe that (|3.8D can be also written as 



(3.10) 



If T = S* is a scalar we can immediately covariantize this expression by just converting 
the derivative into a covariant derivative. 



(3.11) 



Notice that in the exponent we also replaced curved indices M by the more convenient 
ffat indices A, using a vielbein to convert one index into the other: y"^ = y^' Em^ and 
Va/ = Em"^^ A- Whereas Vm contained a Christoffel connection, Va contains a spin 



connection, and its explicit form is given in ( |A.9| ). 



If S is composed of several tensors then ( 3.11 ) implies (by the chain rule) an "induced 
expansion" for them which is given by exactly the same formula ( |3.11| ), 



Let us further deffne 



AT= [y^VA,T] 

Clearly T' can be obtained by applying iteratively the operator A. 
Notice that in (|3.12|) we have used a different symbol than in (|3^ 



( p.8| ) are covariant, but they differ by a Lorentz rotation 

T' = n{Z,-y)r. 



(3.12) 
(3.13) 
Both ( |3l2D and 
(3.14) 



When composing tensors to construct a scalar, the dependence on the Lorentz trans- 
formation in ( |3.14| ) will drop out, and the result will be the same regardless of whether 
we used (|3.8|) or ( p.l2|) . In practise, (|3.12| ) is much easier to use. Equation (|3.12|) has 
a simple geometrical interpretation: the left hand side is the result obtained by parallel 
transporting T(Z(Zo;|/)) back from Z{ZQ]y) to Zq. Again, when composing tensors to 
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a] that 






AEa^' = 






AuJAff = 






AFa = 


-[(VaI/^) 





form a scalar, these parallel transport terms drop out, and a third, equivalent way to 
construct a covariant background field formalism for scalars would be to simple take 
T(Z(Zo; y)). This has the disadvantage that the expansion of a tensor T will contain 
explicit connection terms, because T{Z{Zo;y)) lives at Z{Z();y) whereas it is expanded 
in terms of objects that live at Zq, but, again, in scalar quantities the connection terms 
cancel. Although we will only use ( p.l2| ), the distinction between the different approaches 
is important in order to understand the at first awkward looking rules like ( ^.21| ). 

We are interested in carrying out the background field expansion of the action I and 
the generators T, G, G, J of the superconformal algebra. All of them are both Lorentz 
and U{1) scalars. Therefore, we can use ( p.l2| ). However, they are not composed directly 
of tensors but rather they are made up from vielbeins and connections. Hence, we 
need to determine the expansion of E/''^,u!ai3^ and Ta- To this end, consider T = Va- 
Using the definitions and conventions in appendix A in ([A.9|) and ( |A.10| ), we obtain from 
AVa = [t/^VB,V, 

^cA^li^B"" (3.15) 

+ (3-16) 

y'^'TcA'']TB + y''FBA (3.17) 

Furthermore, let T = y^, then using the geodesic equation we immediately get Ay^ = 
0. Recalling that H^ = OZ^'^Em^, V = H^Va, and defining 

Vy^ = dy"" + H^[a;B/M/ + cu^/M/ + TbY, y^] (3.18) 

we finally obtain, using that dZ'^^ evaluated at Z'^^IZq; y) and parallel transported back 
to Zq is just (9Zq^, 

AH^ = Vy^-HV^cB^ (3.19) 

Aiyy^) = -y^HVi?CBD^-^(A)2/^H^2/^FcB (3.20) 

where w{A) the U{1) charge associated with the index A, i.e. w{a) = 0, w{a) = 1/2 and 
w{a) = -1/2. 

The action ( |2.38| ) contains in addition to (H"^, H"^) the world-sheet fields da and p. 
Although these are world-sheet fields, one sees from the action (|2.38|) and the generators 
( ^.21 ) that they should be viewed as being located at Z{Zq; y). Correspondingly, in order 
to do the same covariant background field expansion for them as for the other fields in 
the sigma model, they should also be parallel transported to Zq. This can be achieved 
using the same equation ( p.l2|) as we use for the other fields in the theory, where only the 



connection piece in Va in (|3.12|) acts on da and p. On p, which is U{1) neutral after the 



field redefinition ( |3.1| ) and also a Lorentz scalar, the connection piece acts trivially, so 
that p has a trivial background field expansion, Ap = 0. However, da transforms under 
Lorentz and U{1) transformations, leading to the rule 

Adp = y\ujAfi^ + ^rAV)rf^. (3.21) 

This rule is only valid to first order in y. To obtain the higher order terms in the expansion 
of da, one should first work out ^ ^da to the required order and then put dAda = in 
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this expansion. Although this leads to terms that explicitly depend on the connections in 
the background field expansion, as one already sees (|3.21 ), the theory is still Lorentz and 



f/(l) invariant, because da transforms as if it were located at Z(ZQ;y), and the explicit 
expressions for the transformation rules (in terms of objects that live at Zq) will contain 
connection pieces as well, rendering the total background field expansion Lorentz and 
f/(l) invariant. 

Although ( p.21| ) seems to be the most natural background field expansion for da, one 
can always make a field redefinition of d to arrive at any other background field expansion 
with 

Ada = y'^Ujdp. (3.22) 

Such field redefinitions do in principle have jacobians that can affect the one- loop prop- 
erties of the sigma model. It is our point of view that one could in principle take any 
background field expansion of d and take that as the definition of the sigma model. In 
a similar way one has the freedom to make a field redefinition of the quantum variable 
y"^. With this in mind, we will from now on also choose the trivial background field 
expansion for da, Ada = 0. The advantage of this choice is that Lorentz symmetry is 
completely manifest, with da transforming naively. In addition, we will give a background 
expectation value Da to da, 

da^da + Da. (3.23) 

We are now ready to perform the covariant expansion of the action S. For the purpose 
of our calculation we only need to go up to two background fields in the part quadratic 
in the quantum fields (denoted by S*^^-*), and up to one background field in the part with 
three quantum fields (denoted by S^'^''). This can be seen by either a general analysis of 
the orders of a' in the theory, of by an inspection of the Feynman diagrams that occur. 
Terms with 4 quantum fields and no background fields contribute only when two of the 
quantum fields are contracted as in diagram 34 in figure 1, but since massless tadpoles 
vanish in dimensional regularization, we have not explicitly given the results for these 
terms. The results for S^'^^ read 

5(2) = 1 Vy^Vy" + rf^Vy" 

+^Vy''y^\U^TBcl + ^Vi/"y^(n^TBc'^) - \vy^y''{Il'^TBc'' + 2U^Habc) 
+^V|/ V(Tijc"/^c.) + day^'itl^TBcn - ^Vy V(n'^TBc'^ - m^HABc) 

+n^((_l)i^(^+B)+CD+ly^£;ay^^a ^ HnCB'')IlE] (3.24) 

whereas for S^^^ we have 

S'-'^ = -^(V2/^VyV + V2/"Vy^y^)Tci,'^ 

+^Vi/^Vy^t/^i/csA + Iday^'Wy'^TcB'' 
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+ {—-Hdcb'^ + -Tdc^Heb^ — - 
6 b 4 



rocs 



1 



/ - TT A ^rp E TT A ^ rp erp Ae\TT ] 

[T^-tiDCB — ■7:J'DC J^EB — -;J'DC J-B J^-IaJ 
6 b 4 

-\y''y''^y''[TDCB^ + {~if''VcTDB^]D^, 



(3.25) 



where 



A 



Tdcb 
Hdcba 



Rdcb^ + wiA)FDcSB'' + Tdc'^Teb^ + {-ifWcTDB^, (3.26) 
Vci/Di.A(-l)^^ - TcA^i^^z.B(-l)^(^+^)+^^ + T^c^i^i^BA. (3.27) 



Next, we give the expansions of the leading parts of the generators of the supercon- 



formal algebra in ( |3.2|) . Again to the order we are interested in they are given by 



-d^y^'n'^TcB^ - ^|/^|/^n^[T,5CB'^n« - Tdcb^D^ 

-{-l)EiD+B)+CDj.j:arj,^^aj^^-^ 



G = e^^e'^-^(d + D)^(i + y^VA(0-0) + ^yVVBVA 



+liy^^A{<P-m 

G = e-'fe^-'^{d + D)\l + y^VA{^-<l)] 



1 



y^y'^VBV, 



(3.28) 



Finally, the relevant expansions of the dilaton pieces of the superconformal algebra in 
OD read 



1 



dil 



V2a'z 

+e^''e'^-*D^V^0/VA(0 - 0)) 
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Gdii = =:9(e-'^e^-<^(i^V-^0 + e-'^e'^-'^D^/V^V-^c, 



Tdii = -]^d\y^VA{<P + ^)) (3.29) 

Besides Lorentz and U{1) invariance, the background field expansion of ( |2.38| ) lias an 
additional set of symmetries, which we denote by 'shift symmetries'. These originate in 
the fact that the original action ( |2.38| ) depends only on the vielbeins, not on connections. 
The relation between torsions, connections and vielbeins is given by (|A.12|) . Adding a 
covariant tensor to any of the connections in (|A.12 ) and subtracting a corresponding 



covariant term from the torsions will leave the vielbeins invariant. This 'shift symmetry' 
should therefore be an invariance of the action. In our case one can indeed verify that the 
action and the N = 2 generators are invariant under the following non-linearly realized 
shift symmetry: 

6uab^ = Yab^ 
5Ta = Xa 

STab"" = Y^ABf + w{C)X[ASBf 

5/ = -ly''y''{YcB'' + w{A)Xc6B^) + 0{y') 

Sd^ = {y^'YMj + ^y^XASa''){dp + Dp) + 0{y^) (3.30) 

where Xa and Yab'" are arbitrary covariant tensors, such that Yab'" has the same symme- 
tries as the spin connection and preserves the fact that the Lorentz group acts reducibly 
in target space (see (|A.13|) - (|A.16| )). In the next section we will gauge this 'shift symme- 



try' by putting certain torsions equal to zero. These gauge fixing conditions are usually 
called 'conventional constraints'. 

Apart from these observations, we will completely ignore all non-covariant terms in 
the background field expansion, since in the absence of anomalies the final results of 
our computation should be Lorentz and U{1) invariant (we will come back to this in 
section |4.3| ; in the bosonic case explicit calculations show all explicit dependence on the 
spin connection indeed drops out 



3.3 Tree-level constraints 

We are now ready to examine whether or not the sigma model has an = 2 algebra at 
tree level. By examining the orders of a' in (|2.5| ), and using exact results for p we find 
that at tree level we only need to verify 

^/ N 2T(w) dTiw) 

T{z)T{w) = ^ > +^>+0{{z-wf) 
[z — wY [z — W) 



[z — wy [z — w) 



w 



,0^ 



20 



U — u — w 



f(z)e'^-'^d^ 



w) = 0{{z-wy) 
w) = 0{{z-wY) 
e^-^S{z)e'*'-'^3'{w) = 0{{z-w)-^), (3.31) 

where T denotes here the p-indepent piece of T. Notice the pecuhar orders of 2; — w to 
which order these identities should hold; these follow from the OPE's of the exponentials 
of p appearing in G and G. 

In addition to ( p.31| ), the generators of the N = 2 superconformal algebra should be 
holomorphic, implying dT = d{e'^~^(P) = d{e'^~'^(P) = 0. Clearly, the presence of terms 
proportional to for example {z — w)/{z — in the right hand side of ( |3.31 ) would imply 
that the fields on the left hand side are not holomorphic, but the converse need not be 
true, namely that the absence of nonholomorphic pieces in the OPE's implies that the 
currents themselves are holomorphic. 

The stress-energy tensor T is the Noether current associated to the symmetry 

^ U^de + dU^e, ^ U^de + eSn^ (3.32) 

d"^ d'^de + dd'^e, d" d"de + dd"e (3.33) 

and this immediately implies (i) that dT = and (ii) that the first three OPE's in (p.31|) 
are satisfied, as can be seen by comparing the transformations of T, e'^~'^d'^ and e'^~^d'^ 
that follow from ( |3.32| ) and ( |3.33| ) to those that are generated by / ■^e{z)T{z) according 
to the OPE's ( p.31|) . It therefore remains to analyze e'^~'^d'^ and e'^~'^d'^. 

Since it is easier to work out the conditions d{e'^~'^d'^) = d{e'^~'^d'^) = than to 
compute the tree diagrams contributing to ( |3.31| ), we start with the former. For this 
we need the equations of motion of ( |2.38 ). These can be found in a very easy way by 
applying the operator A which generates the covariant background field expansion (see 
the previous section) once to ( p.38|) . This yields the following field equations 

= (3.34) 

= vn„ + vn, - n^Tca'flfe - nXa% + 2nXa% + 2n^ff iffeca (3.35) 

= Vd^ + ^{U^TcJ% + n'TjU,)-WTjdf^-U''n''H,ca (3.36) 

These can all be used to express V (background field) in terms bilinear in the background 
fields, using the identity 

vn^ - vn^ = -n^n^TcB^. (3.37) 

Using the equations of motion ( |3.36| ), we find that d{e'^~'^d'^) = d{e'^~'^d?) = if and 
only if 

T^^a-^H^^a = (3.38) 
Ta^c + T,pa = H^^c = (3.39) 
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^a/ = V = (3-40) 
Ty + Va(0-0) = (3.41) 

^a/ + Va(0-0) = (3.42) 



Notice the explicit dilaton terms in ( p.41|) and ( p.42|) . They are crucial in order that the 



constraints are invariant under the 'shift symmetry' mentioned in the previous section. 
Although it is not obvious at this stage, imposing (|CT|) and (ICTD puts the theory 



partially on-shell. It is, however, not necessary to impose ( p.41| ) and ( p.42| ) in order 



to have a consistent tree-level theory. If ( p. 411) and (|3.42| ) are not satisfied, G and G 



satisfy equations of the form dG = UG, dG = UG for some U. With U nonzero, it is still 
possible to couple the theory to world-sheet supergravity, with a modified transformation 
rule for the gravitino under superconformal transformations. At the linearized level, this 
is particularly easy to see. Consider the world-sheet action given by 

S = %gma model + / ^'^(^^ + (3-43) 

where z/, i? are gauge fields for the superconformal transformations generated by G and G. 
Under such a transformation with parameters e, e, the action transforms, up to irrelevant 
numerical factors, into 

SS = J dh{e{dG + UG) + e{dG + UG) + 5,uG + 5^uG) (3.44) 

Therefore, if we take S^^u = Be — Ue and similarly for 5iU, the action is invariant. 

Violating any of the other constraints ( p.38| )-( pl40| ) would imply that dG would no 
longer be proportional to G, and this is not acceptable. Therefore, ( p.38| )-( p^ ) have to 
be imposed. 

We continue by analyzing the tree- level OPE of (P with d"^. There is only one diagram 
that can possibly contribute, which is diagram (49) in figure 1, which contains a table 
of all diagrams that are relevant for this paper. Diagrams with more than two external 
background field lines are always of order 0{{z — w)~^), and are therefore not relevant 
for ( |3.31| ). As one sees from the the kinetic term in S^"^^ in ( p.24| ), there is no propagator 
from da to c?^, which is what would be needed to obtain a nonzero contribution from 
diagram (49). We conclude that diagram (49) vanishes and that the OPE of d"^ and d"^ 
has the required form. 

It remains to analyze the OPE of d"^ with itself, the analysis for d'^ with itself is similar. 
Again, diagram (49) yields no contribution. However, we now have to include all diagrams 
with up to four background fields, as we need the OPE up to order 0{{z — w)^). The 
diagrams with three or four background fields that contribute are diagrams (50), (51), 
(52), (55) and (59). Diagrams (53), (54) and (56) vanish as they involve the product of 
at least three D's. 

The relevant diagrams can be worked out in a straightforward fashion in either coor- 
dinate or momentum space, and although they are completely finite there is an ambiguity 
in the results^, which we discuss in a moment. Diagrams (50), (51) and (52) contribute, 

more detailed discussion of momentum and coordinate space methods will be given in section 4. 
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up to an overall factor, 



[z — w 



( _ _ 



{z — wy 

z — w 



z — w 

+ {dD'^D^Q^^) (3.45) 



where we defined 



= ^T.p'^Il^-hi^HBpp. (3.46) 

Since the background fields satisfy the field equations, we could in principle replace dD'^ 
in ( p.45| ) by a bilinear in the background fields, yielding terms with four background 
fields, that might potentially cancel against contributions from diagram (55). However, 
something similar is not possible for the terms containing and these terms should 

vanish by themselves, from which we deduce that dD'^D'^Qja and dD°'D"'Q^a should 
vanish completely. This leads to the constraints 

Tali" = TalP = Haf3c = H^p^ = Hafj-y = (3.47) 

and 

T„/ + 2V„(0-0) = 0. (3.48) 

The constraints (|3.47|) include the representation preserving constraints needed to be 
able to define chiral superfields in target space. On the other hand, (|3.48[) looks very 



awkward. On can easily verify that it is not invariant under the shift symmetry ( |3.3CI| ). 
Apparently, we have broken the shift symmetry in this tree level calculation. One may 
wonder how this is possible, since one could also have done a Poisson bracket calculation 
in the sigma model without using any background field expansion, in which case the shift 
symmetry is manifest. However, a Poisson bracket calculation for the p-independent part 
of the sigma model action would provide no information about the regular part of the 
OPE of e'^'^d? with itself, which is precisely where the problematic term ( ^.481 ) came 
from. 



One explanation of the ambiguities that underly ( |3.48| ) is as follows. Imagine adding 
a term to the action of the form 

j d^z{VD, + ...){y''yPSp^^) (3.49) 



where (VZ^^ + . . .) is the field equation ( |3.36|) with d replaced by D. Since D satisfies 



the field equation, the extra term in ( |3.49| ) is zero. On the other hand, if one partially 
integrates the V in VD-^, one gets a series of vertices with two background fields, and 
precisely one vertex with one background fields, namely 

j rf2^(-2D^Vy"/V'^). (3-50) 
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If we include this vertex in the calculation, we find an extra contribution in ( p.48|) pro- 



portional to This represents an inherent ambiguity in our calculation, and since we 

unfortunately do not know of any manifest shift symmetric scheme to compute things, we 
will simply choose Sa/s'^ so as to cancel ( p.48| ) completely. Of course, to be self-consistent, 
we have to use the same vertex ( |3.5CI| ) also in our one-loop calculation. 

Another way to look at this ambiguity is to observe that on the one hand V-D consists 
of terms bilinear in the background fields, but if one in a diagram encounters a propagator 
and integrates this against VD, one can obtain contributions containing a single 
D. Clearly, a better understanding of these issues would be desirable. 

We are left with diagrams (55) and (59) to analyze. Before doing so, we will first 
try to simplify these remaining calculations as much as possible, by supplementing the 
constraints obtained so far ( (|3.38|) , ( p.39|) , (|3.40| ) and ( |3.47|) ) with a maximal set of 



conventional constraints, and by subsequently solving the Bianchi identities for the con- 
nections Va, {Va, {Vb, Vc}} + cycl. = 0. This will further constrain the torsions and 
curvatures and provide us with the largest possible set of constraints implied by (|3.38| ), 
(^), O and (^). 

Quite remarkably, it turns out that (p.38|) , ( |3.39|) , (|3.4CI| ) and ( p.47|) plus a maximal set 
of conventional constraints is already sufficient to completely solve the Bianchi identities 
and reduce the field content of the theory to that of conformal supergravity coupled to a 
linear multiplet. This in complete accordance with the analysis of the vertex operators in 
section (|2.3|), see in particular the discussion at the end of section ( p.3| ), where we argued 



that all contraints should appear at tree level and the field equations should appear at 
one-loop. 

Let us now determine a maximal set of conventional constraints. All but one of the 
conventional constraints can be viewed as a gauge fixing of the shift symmetry ( p.30| ) 
discussed previously. 

Recall that the parameters of the shift symmetry are covariant tensors Xa and Yab'" , 
where Yab*" has the same symmetries as the spin connection and preserves the fact 
that the Lorentz group acts reducibly in target space (see (|A.13|) - (|A.16|) ). We can not 
use this to put the spin connection and U{1) connection equal to zero, since zero is 
not a globally well-defined connection, but we can use it to put some torsions equal to 
zero. To determine how many torsion coefficients can be removed we analyze the spin 
content of the covariant tensors X and Y. The tensor Yap'^ contains a spin-3/2 and a 
spin-1 piece and can be used to remove the torsion completely. The tensor Ya/3'^ 
removes the symmetric part Ta^p'^^ of the torsion whereas Xa removes the remaining 
antisymmetric part Tq^'^. Similarly, Yafs^ is used to put Ta{i3^^ equal to zero, and we use 
Xa to put Ta(3^ — T^pl^ cqual to zero. To summarize, we impose the following conventional 
contraints: 

T.i^ = T^P' = TafP = = = T,(/) = T„/ - Tj = 0. (3.51) 

There is still one more conventional constraint, of a somewhat different origin, that 
we can impose. One can always redefine the vielbeins by performing a local Lorentz 
tranformation, since it is not the vielbein itself but only the metric Gmn = Em^E^a 
that appears in the action. The Lorentz group acts reducible in target space, in other 
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words independently on the indices a, a and a. Using a local Lorentz rotation that acts 
only on the vector indices a, we can always achieve that 



T, 



0/3 



(3.52) 



where c is a constant. After choosing this gauge for the vector piece of the Lorentz 
gauge transformations, Lorentz transformations acting on the spinor indices must be 
accompagnied by one on the vector indices in order to preserve (|3.52|) . This leads to the 
identifications ( |A.13| ) and ( [A.15D . Comparing with the exact result for fiat superspace in 
( p.l5| ) we find that c = —2i, and this will be confirmed by our one-loop calculations in 
the remaining sections. Equation (|3.38|) now implies 



aab 



(3.53) 



in accordance with ( p.l7|) . 

We are now ready to solve the Bianchi identities that will reduce the field content 
to that of conformal supergravity coupled to a tensor multiplet. The involved algebra 
is rather tedious and here we just present the final result, postponing the details to 
appendix B 



{V„,V;3} 

{V„,V^} 
[V,,Vfe] 



0, 



-2iV 



af3 



(3.54) 
(3.55) 



(3.56) 



+ 



--C^/3V'ViaHp^,Y + C.C.} 



(3.57) 



where 'c.c' denotes our definition of complex conjugation, see appendix A, Wap^ is 
completely sjmametric chiral superfield. 



and Ha/3 is defined as follows (see also appendix B) 



(3.58) 



Habc — C^aC^pH^p ~ Cyf^C^aH^^. 



(3.59) 
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Wa/3-y and Ha/3 satisfy the following differential relations 



VaH" = 0, V^W. 



70/3 



(3.60) 



Furthermore, all the components of the field strength Habc vanish except the ones that 
are given in (|3.53|) and ( |3.59|) . Compactly, we have 



Tabc + {-1)^''2H, 



ABc 



0. 



(3.61) 



A similar supergravity algebra has been obtained in ^4 . 

From ( |3.54| )-( p.57| ) we can read off how all torsions and curvatures can be expressed 
in terms of Hap and Wap-y- In particular, the background field expansion for the action 
will then contain only these two fields, and this is the form of the action with the fewest 
number of vertices and therefore the most suitable one to use in calculations. 

One can verify that with maximally simplified form of the action the remaining tree 
diagrams (55) and (59) yield no contribution, which concludes the tree-level analysis of 
the theory. We next turn our attention to one-loop calculations. 



4 The sigma model at one-loop 

4.1 Coordinate space and momentum space techniques 

The starting point for our calculations will be the covariant background field expansion 
for the action, with all the constraints and explicit expressions obtained from the tree- 
level constraints and the Bianchi identities inserted in it. In addition, as we explained 
before, we will for the time being drop all explicit connection terms. The part of the 
action quadratic in the quantum fields given in (|3.24| ) contains a piece 



5kin = -, I (PziUy-dy- + 492/") (4.1) 
a J 2 



which we take as the kinetic term, since S'kin describes free fields for which we know 
the propagators explicitly. The remainder of ( |3.24|) will together with ( |3.25|) provide the 
vertices of the theory. 



The propagators obtained from ( |4.1] ) are in coordinate space given by 

< y''{z)y\w) >= a'5"^G(2, w) = -a' 5"^ log \z - w^^ (4.2) 

< da{z)y^{w) >= = -«V5.G(^, w) (4.3) 

[Z — W) 

It is now straightforward to write down coordinate space expressions for the Feyn- 
man diagrams given in figure 1. We are only going to compute the contributions to 
< T{z)T{w) >, < T{z)G{w) > etc. which involve at most two background fields (or 
more precisely, where the sum of the conformal weights of the background fields is at 
most two). For < G{z)G{w) > this is all we need (cf. ( p.31j )), as it is for < T{z)T{w) > 
by virtue of its symmetry under z ^ w. Thus, the only contributions we are missing 
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are those to < T{z)G{w) > and < T{z)G{w) > with three background fields and those 
to < G{z)G{w) > and < G{z)G{w) > with four background fields. It is a very tedious 
calculation to determine these contributions, and in addition we believe that they will 
not lead to any new equations, although we have no general proof of this. 

In diagrams with two background fields, we can assume that the background fields are 
independent of the coordinates, or in momentum space, that they have zero momentum. 
If we would make a Taylor expansion of the background fields around a fixed point on 
the world-sheet, all derivatives of the background fields would have higher conformal 
weight and can be ignored. For diagrams with one or zero background fields one has 
to be more careful and expand everything up to the relevant order. In addition, there 
may be ambiguities in this similar to those discussed below (p.48|) , but these particular 



ambiguities don't play a role in the part of the calculation we present below. 

In coordinate space, we then encounter various integrals not containing background 
fields, like for example 

/ d-'u— — (4.4) 

J z — uu — w 

Such integrals can then be manipulated using the fact that they are translationally in- 
variant, using partial integrations inside the integral and using identities such as 

d^,—^ = 6'^^\z-w). (4.5) 
z — w 

Here, 5^^^ is the delta function with respect to our measure (Pz which was defined as 
dxdy/iT with z = x + iy. For our example ( ^.4| ) one then finds 



/ 



,n 1 1 Z — W , , 

d\ = 4.6 

z — uu — w z — w 



by writing l/{u — w) as du{{u — w) / {u — w)) , using a partial integration and ( |4.5| ). One 
has to be very careful using such naive manipulations, since one-loop diagrams can have 
divergences, and this can sometimes lead to ambiguous answers. For example, diagram 
(9) can lead to integrals like 

dVv— —6'^^\v - w)6^^\u ~ w) (4.7) 

z — uu — V 

If we first do the u integral, we get 



d\- 



^ ^—S(^)(y -nj) = -i^— / d\d,-^-r = 0. (4.^ 



z — WW ~ V 2z — wJ {v — wy 

whereas first integrating over v leads to 

d'^^l9^r^-T2 = [ - ')\t^^2 = (4-9) 

z — u2 [u — wy J 2[u — wY 2[z — wY 

This ambiguity refiects the fact that we should regularize the (relatively convergent) 
integrals. Although there are proposals for a consistent regularization in coordinate space 



25|, these are not particularly useful in our case. In our case, we have found indications 



that it might be possible to formulate a set of rules in coordinate space that allow one to 
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express every integral in terms of unambiguous integrals and only one particular integral 
whose evaluation in coordinate space seems to be very difficult, 



Do = I d'uS'^v ' ^ ^ 



z — u 



S(^Uu-v) (4.10) 
J V — w 



The precise value of this integral then depends on the choice of regularization prescription 
(in dimensional regularization it is g^^^^p ), but its precise value is not important because 
one can always choose finite local counterterms in the generators of the N = 2 algebra 
so that in the final result D2 does not appear. Unfortunately, we have not been able to 
make these statements more precise, and therefore we have chosen to use dimensional 
regularization in momentum space instead. 

In dimensional regularization, we immediately run into two problems. First, there are 
terms in the action coming from the antisymmetric tensor field in ( |2.38|) , and these contain 
two-dimensional anti-symmetric tensors e^j when written in a world-sheet covariant way. 
Second, there are 'chiral' world-sheet fields like and We have chosen the following 
version of dimensional regularization to deal with these problems. First of all, we keep 
all interactions in exactly two dimensions, and in particular the e-tensor will remain in 
two dimensions. Secondly, we view as a vector field on the world-sheet with only a 
2-component, and we will in other dimensions still view it as a vector field with only 
a component in the ^-direction. Besides this, the kinetic terms will be taken in 2 — 2e 
dimensions. With such a type of regularization, one has to be careful when going beyond 



one loop, in which case evanescent counterterms have to be taken into account (see |26| for 
a detailed discussion of the two-loop renormalization of a two-dimensional sigma model, 
including problems with the e tensor in two dimensions)[]. We will not further discuss 
these issues here, since we will only be doing a one-loop calculation. 

In the same way as we defined the measure d'^z as dxdy/n, we will define d'^k also as 
dk^dky/n, and it turns out that with this choice we never see any explicit factors of n in 
our calculation. Then G{z, w) has the following representation 



Ak(z—w)+ik(z—w) 
]2i ^ 



G{z, w) = I d'k — (4.11) 



and the propagators in momentum space read 



<y'^{k)y\l)> = aW2)(fc + /)^ 

<(i„(fc)/(/)> = a'da^S^^^k + l)^ (4.12) 

where k is shorthand notation for k^, the 2;-component of k, and in dimensional regular- 
ization we keep k in one dimension, and only continue the denominators in ( [4.12|) outside 
two dimensions. To work out the Feynman diagrams we write down the corresponding 
expression in momentum space, continue to d = 2 — 2e dimensions, and include a fac- 
tor r(l — e)(47r)~'^(27r)^'^ for each loop, which removes a lot of unwanted constants like 

^There exist several other approaches to regularize the integrals that appear in chiral and non-local 
two-dimensional field theories, such as analytic regularization exponential regularization |2|] and 
Pauli-Villars The situation beyond one- loop is unclear, but at one- loop we expect each of these to 
yield equivalent answers. 
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the Euler constant, see ||2^. The d-dimensional measure d'^k is equal to the standard 
(i-dimensional measure divided by tt. The relevant integrals come out as follows 



r(l-e)(47r)-^(27r)2^y' rfV 

^ ^a+l-a-/3|,6+l-a-/3|^2^^2 



[\p\T[\p-^^F 
r[i-e]r[i 



a 



b] 



T[a]T[f3]T[2-a-f3 + b-e] 



^ ^ 1^ a ^ T[2-a-(3 + b + r- e]T[a + (3 - 1 - r + e]T[l - e - f3 + r] 

r=0 



r 



T[2-2e-a- P + r + b] 



as one proves by differentiating both sides with respect to k and k, starting from the 
known result for a = b = 0. The parameter /i is the usual dimensional regularization 
mass parameter. 

We have worked out all our diagrams in momentum space using (|4.13 ), and then 
afterwards reexpressed them in coordinate space using the following translation table 

- — 

— 

2k^ 

k 

— — ^ 
k 



{z — 




{z — 


wY 


z — 


w 


{z — 


wy 


1 




(z — 




G{z 


w) 


{z — 


wY 


last 


one, 



(4.14) 



The first three follow by Fourier transformation, the last one, which contains an 1/e 
divergence, was chosen by comparing the result for < y[z)y{w) >< dy{z)dy{w) > in 
coordinate space and momentum space. In the right hand side one could in principle 
have chosen a different finite term proportional to k/k, but since all divergences will 
cancel in our calculation, this would not make any difference for the final answers. 

There is one more important thing we have to discuss before we present the results 
of our calculation. Namely, we have dropped in the expansion of G and G in (|3.28| ) all 
terms that came from the background field expansion of e'^~'^ and e'^~'^. Including these 
terms leads to a number of additional contributions in all OPE's except that of T with T, 
each of which contain the dilaton. However, we claim that one can systematically remove 
all these terms. For this one needs (i) one-loop counterterms, (ii) ambiguities similar to 
the one discussed below (|3.48| ) and (iii) the possibility to choose different background 



field expansions for d. The precise details are rather cumbersome and will be reported 



elsewhere |^0|. We suspect there may be a better explanation in which the shift symmetry 
in ( |3.3CI| ) plays a crucial role, but for the time being all this remains rather mysterious. 

Having described how we performed them, we now turn to the results of our calcula- 
tions. 
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4.2 One- loop results 



Below we tabulate the contributions of diagrams (1)-(19) to < G{z)G{w) >, < 
G{z)G{w) >, < T{z)G{w) > and < T{z)T{w) >. We postpone the discussion of the 
other diagrams for the time being; most of them do not give any contribution, except for 
the ones involving an insertion of the dilaton terms in ( |3.29| ), and these will be tabulated 
separately. 

Denoting by 1^ the contribution of diagram number d, the non-zero diagrams for 
< G{z)G{w) > come out as follows (note that we have also taken the p-contributions 
into account, whose only effect is to shift the order of the poles by one, and A is the 
coefficient in front of G, A = I / (ia' y/Sa')) 



h = r(8A"a'"n'^n' 



2 „ /Sttitti'i 



[z — w) ' 2 

[z — w) ' ' 2 

We have also computed all one- loop contributions to < G{z)G{w) >, without imposing 
any constraints, except (|3.38| )- (|3^ ), and found many more terms contributing to < 
G{z)G{w) >, but the result remained finite, i.e. the terms proportional to G{z,w) 
canceled each other. This is a refiection of the fact that when G and G are conserved 
quantities, their OPE should be finite. Adding up the contributions we get 

< G{z)G{w) >= -^{2T{w) + -D-D^H^J (4.15) 
[z — w) a' ^ 



The first term is precisely the term we expect (see ( |2.5| )). The second term will be 
removed by choosing a different background field expansion for d. We defer a furhter 
discussion of the background field expansion for d and the one-loop counterterms till 
after we have discussed all OPE's. 

None of the diagrams (1)-(19) contributes to < G{z)G{w) > or < G{z)G{w) >, in 
agreement with ( |2.5| ). 

Next we turn to < T{z)G{w) >. Below are the results for this computation, and we 
have extracted a factor of Aa'e'^'e'^"'^ To obtain the contributions to < T{z)G{w) >, one 
should still multiply everything by this factor. 

^5 = 7^^^(-2n'^i?//z^„-n^F/D,) 

[z — wy 

[z — wy 2 

+in'^F^^D^ - 8n^n°) 



!10 



'^^-((+2n'^i?/^"D„ + n'^F/D, 



[z — wY" 
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-^u'F{'D, + mjr) 

[z — wy ^' 



1 13i, 
f^; — w)"^ 6 



= 77— ;;w^-^nx.'A'^.) (^-le) 



Adding up all diagrams we obtain 

<Tiz)Giw)> = -^^^n'^(i?„V-lFJ + Ji?Aa + ^V/)D^ 



' (z-wy' ^2 " 4 ' 4 

+ ^zT,7^/^)D, + n<^(li?// + (4.17) 

Inserting the expicit expressions of the curvatures and torsions from (|B.24| ) we get 

z — w — 

<T{z)G{w)> = -[-AWVaH^^D,] 

[z — wY 

+ , ^ \-^^WV^H^^D, + Ai[l''H^^D,] (4.18) 
[z — wY 6 

Finally, we list the results for < T{z)T{w) >. Due to the symmetry of this expectation 
value under z ^ w, a diagram and its mirror image (like diagrams (2) and (7)) give 
identical contributions, and this is reflected in the following table 

_ G{Z,W) _1 5 2^ 

[z — w)^ 2 
[z — wY 2 

I2 = 7 — ^ ^(2(n'^-ffcmn ~ —Tmn^Dg^Y) 

[z — wY 2 

~l~7 v7( 4(11 Hf^jYin T^T'mn' Df^j ) 

[z — wY 2 
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-(2(n -ffcmn n^mn ^a) ) 



[z — wy 2 



(^Z wy 2 2 -^-^iinui/ 2 



G{z,w) A(r\cTT _ It °n "i^n 
[z — wy 2 

J (6(]TH --T ""D-y) 

[z — wy 2 

[^^W{-R^cca — 4:HdecH ceo) 



S 



{Z-Wy '2 



h 

{z — w) 

{z — wy 



;-^n^(n,rA + n,r,\)) 



l~r^l,-'--l- J^cmn n-'-'mn ^a) ) 



[z — wy 2 



— w)^ 2 2 

7 (nm-n^jf — -|- ~Rannm ~l~ nHnma '^^'^^ara'y) 

[z — wy 4 4 2 2 

T 3^ 1 1 

1 13 



— w)'' 8 8 

3 1 

3 1 

~l~n^n (^~Ranmn ~l~ '^Rnanm) 
O o 

[z — wy 2 
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+ 



1 



/l4 
/l5 

Il9 



+ 



h 

ho 
hs 

G{z, w) 
{z — wY 
1 



[z — w] 



-T °'D') 



-T "DA 

^2 "mn ^oi) 



1 "ij 

-—(U T " + n T " in 

O 



Adding up all contributions we get 

< T{z)T{w) > 



z — w 



{z — w)^ 



ha 



a /37 



2 
1 

2' 



a/3 J 



+ 



-[--(n"nx,,/ + n-n^T,^,/) 



[z — w 



After some simplifications we obtain 

z — w 



< T{z)T{w) > 



[n"n Rbcca 



+ 



{z — w)^ 



(4.19) 



(4.20) 



(4.21) 



We now move to the dilaton sector. Since the dilaton corrections (p. 29 ) to the su- 
perconformal generators enter with an extra a' one only has to compute tree graphs. To 
< G{z)G{w) > only diagrams (60) and (61) contribute, and we find 

1 



'60 — ^61 



— W) 



:(4A2a'2g2ipg0-^^2y2g</ 



(4.22) 



To cancel this term, one can add a one-loop counterterm to the action of the form AS* ~ 
/ zV^ e'^~'^Il°'Ila, which does not interfere with any of the other one-loop calculations. 
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If one, however, takes the point of view that it should not be allowed to add one-loop 
counterterms containing the dilaton to the theory, then one is forced to require V^e'^"''^ = 
0. Interestingly enough, we will see later that the low-energy effective action does have 
Y2g0-0 = g a,s one of its equations of motion, so that either point of view is consistent 
with our further results. 

It is rather easy to check that there is no dilaton contribution to < G{z)G{w) >. In 
the tree graph the pole due to the contraction between da and is cancelled by the p 
contribution and the result is regular. 

The dilaton contributions to < T{z)G{w) > are as follows (again a factor of Xa' has 
been extracted). 

[z — wy 



h2 = , ^ ,„ 2e^^e'^-^D°V.0 
[z — wy 

y Til - _ 



'63 



(2; — wY 
1 ^ 

[z — wY" 



7 — 7/J — - 

\^z — wy 
[z — wy 

/65 = -/67 = 4^n°n„^9^(^— eW"e<^-^) 

z — w 

[z — wy 

+- — ^--^(d(e'f'D''Vae'^-^) - 2a(e'0^"V«e*-^) (4.23) 
[z — wY 

Here, diagram (69) refers to a contraction of the term ^dpdp in T with the dilaton term in 
G. Adding up these contributions we get that the cubic poles cancel, Gdu has conformal 
weight 3/2 and the remaining non-holomorphic part is equal to 

z — w 



{z — w)' 



.2giPg0-02^"n^y^y^0 (4.24) 



We are now ready to write down the first field equation. As in the bosonic string 
the field equations are determined from the non-holomorphic part. The holomorphic 
part determines the counterterms to the currents. From ( [4.18| ) and ( [4.24| ) we obtain the 
following field equation 

2V„i/^^ = V;3Va(0 + 0). (4.25) 
The dilaton contribution to < T{z)T{w) > is tabulated below 

/62 + /63 = (^3^2(-l9^(0 + 0)) 
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+ / '^,, (2n^n''VfcVA(0 + 0) - dd{(j) + 0)) 



{z — wy 



[2- w)2'2 
z — w 



+ 



{z — w)^ 



(4.26) 



Adding up these contributions we obtain that T^n has conformal weight 2 plus the fol- 
lowing non-holomorphic contribution 



z — w 
[z — w\ 



(n^n^VbVA(0 + 0) + u'^n'T,,^v4<p + 0) + Dm'T,,^v,{<i) + 0)). (4.27) 



Thus, from ( [4.21|) and (|4.27|) follows that the following three equations should hold 

2VaHap = Vf3Va{<P + ^), (4.28) 

Rabbc = -VaVe(0 + 0) + T„/V5(0 + 0), (4.29) 



(4.30) 



Observe that ( |4.28| ) is precisely equation ( [4.25| )! Even more, the last two equations follow 
from the first as we now show! 

Let us first introduce some notation. Let Ta = Va(0 + 0)- We also define 



/3/3a — '^'VaHafS', f^ac — Rabbc', 

= V 

In this notation equations (|4.28|) read 



Pb^ — ^aTab^ — 2HMeTde^ 



P/3a — oTp 



Pb"f ^ba'yTa 



(4.31) 

(4.32) 

(4.33) 
(4.34) 



We shall show that ( ^.33| ) follows from ( ^.32| ) by differentiating once and ( [4. 341 ) by 
differentiating twice. In the process we will need a few identities that we tabulate below. 



[Va,Vt]V^ = 2C^^VfsH0'Vs, 

{V°, V"}T^ = -2z(V""T^ - 2H^^TpC^ 



(4.35) 
(4.36) 
(4.37) 
(4.38) 
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Rabbc 



00,(30,^ 
1 



a 



(a|(E-f^'^|7) ~ Cay's/ e{aH^^'' 

7 + d ^7)], 



V T 



ac<5 



7-'-' 57] 



(4.39) 



(4.40) 



(4.41) 
(4.42) 



In these identities V5, is assumed to have the U{1) charge of its index, namely 1/2 if the 
index is undotted and —1/2 if the index is dotted. One may use the first three identities 
to derive how (anti-) commutators act on tensors. However, one has to be careful when 
the U{1) charge of the tensor is different from the one its indices indicate. Such an 
example is the torsion Taby that has U{1) charge —1/2 and not 1/2. In such cases it is 
preferable to work out the commutators directly. However, when the tensor involved has 
the same U{1) charge as its indices the identities may be used safely. 

We are now ready to derive equations ( [1.33| ) and ( [4.34] ) from ( [4.321 ). Equation ( [4. 33] ) 
is derived by differentiating ( |4.32| ) by Vq, and then adding to the resulting equation the 
complex conjugate one. Then the result follows from ([4.401) . To get equation ([4.34[) we 
start by defining the following object 



al3(3 



(4.43) 



Using the definition of Tq, one may prove that ^^(30 equal to zero. Nevertheless, 
we momentarily ignore this fact and treat Tq as a tensor that only satisfies ( |4.32| ). We 
compute the quantity C^^Vcf^Q,^^- The idea is to commute Vc all the way to the right and 
then to use ( [4.32| ). After some rather tedious algebra that involves use of the identities 
(|;3|)-(|^) we get 



a/3/3 



AH,' (35c - 2T° 



\,0^{ccTa) + TapJ'^^^Ts). 



(4.44) 



Using now the definition of T4 we see that the last term vanishes, whereas the one but 
the last is equal to AiT^^^V a^fj) + 0) which is just (up to the factor of 4i) the right hand 
side of ([1.34[ ). To complete the proof we have to show that 



This follows upon using ( [4.41[ ) and ( [4.42| ). 

Finally, let us rewrite the equation ( [1.28[ ) in a form that it will appear in the next 
section. Observe that the left hand side of ( j4.28[ ) can be rewitten as [Va, V/3](0 — 0). It 
follows that the field equation is equal to 



(4.45) 



V^Va( 



0. 



(4.46) 
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Having discussed the field equations we now turn to the remaining holomorphic pieces 
in the OPE's. We aheady discussed the < G{z)G{w) > previously. In the < T{z)T{w) > 
in ( [4.21[ ) there are several holomorphic terms, each of which can be easily cancelled by 
adding the following one-loop counterterms to T 

T^T- ^n"n^V/3i/^„ + ^Wu'V^H^f, - 2U''U'HacdHbcd. (4.47) 

This leaves an unwanted holomorphic term in < G{z)G{w) > of the form (see (|4.15| ) 

^ '^'d-D^H.) (4.48) 



{z-w)^a' ^ ^" 
and in < T{z)G{w) > that looks like 

1 



{z — wy 



[-^WVaHa^D^ + AiU'^H^'^D^] (4.49) 



It seems impossible to cancel ( [4.49|) by means of a counterterm. The remaining possibility 
is then to try to modify the background field expansion of d in such a way as to cancel 
( [4.49| ). Suppose we modify the background field expansion of d as follows 

(d^ + Do) -> {do + Do){l + I/V^Vba). (4.50) 

A straightforward calculation reveals that by taking A^^^ = N^a = \^ aHa-y and Naa = 
—Naa = '^iHaa oue cau indeed remove ( [4.49| ) completely. A pleasant side effect of this 
new background field expansion for d is that it also at the same time completely removes 
( [4.48| ), while it does not affect any of the other results. While everything at one-loop 
now seems to work, it would certainly be nice to have a further, maybe even geometrical, 
understanding of the right background field expansion of d. 



4.3 Lorentz and U{1) anomalies 

In this section, we discuss the anomalies of the world-sheet sigma model. The two 
symmetries of the theory, local Lorentz and local U{1) invariance, can be discussed at 
the same time. We certainly expect the local Lorentz and U{1) gauge transformations to 
be anomalous, due to the presence of the 'chiral' fields da, which, from the world-sheet 
point of view, closely resemble chiral fermions. Chiral fermions are the usual source of 



sigma model anomalies [^. In the RNS formalism of the heterotic string, the local 
Lorentz and gauge anomalies of the low-energy effective action are closely related to the 
world-sheet sigma model anomalies and the latter can be cancelled by a Green-Schwarz 
mechanism |^2|, |3^, Since our sigma model is supposedly a reformulation of the RNS 
string, a similar anomaly cancellation should be possible in our case as well, as we will 
now demonstrate. 

The local Lorenz anomaly comes only from diagrams with da, y°' loops and for the 
sake of a one-loop analysis it is sufficient to look only at the kinetic term of da, y°' which 
we write as 

j d^zda{5^^d + ^^^)y^ (4.51) 
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where fl = —fl^{uB^°' + w{'y)TBS^°') contains the spin and U{1) connection and depends 
only on the background fields. Local Lorentz and U{1) transformations act on da, y"", f^-y" 
as follows 

6Q^^ = A^pQ^^ -QfA%-dA'^^ (4.52) 

where A is the parameter of the local Lorentz and U{1) transformation that depends 
only on the background fields. The full Lorentz and U{1) transformation rule for da may 
involve further y^-dependent terms, depending on the choice of background expansion, 
but these do not contribute at one loop. 

If we define an effective action by 

^-^m ^ J DdDye~^S''"'"^^'^"~^+''^"^y" (4.53) 

one obtains for its anomalous variation 

5r[fi] = -a' j d^zdA^^Qa^. (4.54) 



To obtain this result one can e.g. use a point splitting regular izat ion as in ||3^. The 
full result for T[Q] is proportional to Lvi/ziyis'], the Wess-Zumino-Witten action, where 
the group valued field g is related to fl through fl = g~^dg, and is therefore a non-local 
functional of fl. One easily checks this correctly reproduces ( [4.54| ). 

Our next task is to examine whether or not we can cancel ( [4.54 ) by a suitable trans- 
formation of the vielbein and the antisymmetric tensor. The relevant equation reads 

5 (^- y d^zi^U^U" + D^n" + ^TL^H^Bba)^ +a' j d^zdA^^fla^ = 0. (4.55) 

We will assume that the background fields are on-shell, in particular that 11" = 0. 
Furthermore we use fla'' = — n^^^Act^ and will abbreviate dBA°';y{ujAa^ + w{'y)TASa'^) by 
Tr[dBAuuA)- Then we find from ( [4.55|) that 

(5n^ = n^Xs^, (5n^ = YI^Xb^ (4.56) 

with 

a' 

Xab = -jTlidbALOa + daAflb) 

Xab = -a'TiidaAub + dbAfla). (4.57) 

In order that 511" = 0, one has to choose X^^ = 0, but X^^ can still be chosen arbitrarily. 
For the variation of the antisymmetric tensor we find 

6Bba = -a'TiidBUA - {-l)^''dAAuB) - Xb'Bsa + (-1)^^X^^55b, (4.58) 
and with these variations ( [4. 551) is indeed satisfied. 
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What is the interpretation of these results? From the variations of the vielbein, we 
find that the metric Gmn varies in exactly the same way as — YTr(a;Mi^Ar)- So instead 
of introducing new variations of the vielbein, we could also have redefined the metric 
as Gmn — > Gmn — YTr((iAfii'Af), which is the same as adding a local counterterm to 
the world-sheet action. We have done an explicit calculation of the one-loop OPE's 
without neglecting the explicit U{1) connections, and we found U{1) noninvariant terms. 
All U{1) noninvariant terms could be cancelled by a counterterm in the action of the 
form / d^zT^T^IlBTiA, in perfect agreement with the general anomaly analysis presented 
above. 

The variation of the antisymmetric tensor field cannot be canceled by a local coun- 
terterm. However, in the background field expansion all terms containing at least two 
quantum fields contain only the field strength H, and there is a unique local term one can 
add to H in order to make it into a covariant quantity under the modified transformation 
rule of B, 

a' . . 2„ _ 
Hmnp Hmnp — ^Tr(c2'[Af(9Arci;p} + -uj^m^n'^p})- (4.59) 



In other words, one should add a super Chern-Simons three-form |^ to H in order 
to make it covariant. We know that with the modified transformation rules discussed 
above, the Lorentz and U{1) anomalies cancel, and therefore the result obtained from 
a perturbative calculation that takes all the spin and U{1) connections properly into 
account, can also be obtained in a simpler way by first ignoring all the spin and U{1) 
connections and by subsequently performing the substitution ( [4.59| ) in the final answer. 
In our computation we have ignored the spin and f/(l) connections, but we have only 
done a one-loop calculation and the shift in ( |4.59| ) would therefore only affect two-loop 



results. Altogether this shows that if we would have taken the spin and U{1) connections 
into account, we would have been able to get rid of all non-covariant terms by means of 
suitable local counterterms, and the final field equations would still come out the same, 
and we verified this explicitly for the f/(l) connections, as mentioned above. 

Similarly, the inclusion of gauge field from the internal six dimensional space or the 
heterotic fermions would give rise to a Chern-Simons term for the gauge fields in if, and 
these Chern-Simons terms play a crucial role in the anomaly cancelation through the 
Green-Schwarz mechanism. 



4.4 Standard /5-function calculations 

In this section we briefly examine the relation between the diagrammatic results and a 
'standard' beta-function calculation. In a standard beta-function calculation (see e.g. 



r^ , p7| , and for the Green-Schwarz string [^, ^), one couples the sigma model to a 
world-sheet metric and then continues the theory to 2 + 2e dimensions. If the 2 + 2e- 
dimensional metric is purely conformal, gap ~ e'^^a/?, then the action picks up an overall 
factor e^°". In addition, the Fradkin-Tseytlin term / d'^Zy/gR{(j) + (j)) becomes proportional 
to / d'^z{(j) + (j))dda, and it explicitly breaks conformal invariance. This is not a problem, 
because the Fradkin-Tseytlin term is of higher order in a', so that classically the sigma 
model is still conformally invariant. If we now vary the action with respect to a, we find 
that 6S/6a ~ eC + a' cdd{(j) + (j)) , where £ is the Lagrangian density, S = J d'^zC, and c is 
some constant. If the theory is UV divergent at one-loop, it should be renormalized with 
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a counterterm — £div Including such a counterterm, the condition for the theory to be 
conformally invariant at one-loop becomes C^iv ~ dd{(j) + (j)). The only one-loop diagrams 
that are UV divergent are those of the type of diagram (41), with the cross indicating a 
vertex from the action. If we denote the relevant vertices in (|3.24|) by / dp' zy^y^ C^^\, we 
find a UV divergent contribution \C^^ . Thus, conformal invariance of the sigma model 
requires C^^ ~ dd{(j) + 0). Using the equations of motion of the background fields and 
the explicit form of the vertices Cba ( |3.24|) , we find that this reproduces exactly the 



equations ( 4.28|) - (K:.30 ). Although this derivation is much simpler than the diagrammatic 
one in the previous sections, it is not clear to us whether these beta-function calculations 
would also be sufficient to guarantee the full N = 2 superconformal invariance of the 
theory. As this example illustrates, the standard beta-function calculation reproduces 
precisely the equations of motion that are implied by requiring the presence of a Virasoro 
algebra only, and it may be that at higher loop this is a weaker condition than requiring 
a full N = 2 invariance. Nevertheless, it would certainly be a useful exercise to compute 
the two-loop beta-functions of the sigma model, as these do provide necessary conditions 
for N = 2 superconformal invariance. If the number of two-loop equations thus obtained 
would match the number of one-loop field equations, this would be a strong indication 
that one did in fact find the complete set of equations up to two-loop. These could then 
be used to find the a' corrections to the supergravity action, which is discussed in the 
next section. 

An alternative approach would be to first formulate the sigma model as a sigma model 
for a (2, 0) super world-sheet, and to then do a manifestly supersymmetric beta-function 



calculation (see e.g. [0)- This would automatically guarantee the full = (2,0) 
superconformal invariance. Unfortunately, no such super world-sheet formulation if the 
sigma model is known to us. 



5 The supergravity action 

In this section we derive the low energy effective action. The fields that appear in the 
theory are the vierbein Em"^ and the dilaton complex chiral superfield 0. The anti- 
symmetric tensor Bab is not an indepent field, as it is expressed purely in terms of 
the vielbein by means of the tree-level constraints. We will find it convenient to define 
$ = exp0 and $ = exp0, so that $ and $ have multiplicative U{1) charge. 

We have already seen that the field content of the low-energy theory is that of '16-16 
supergravity' |^T|. This supergravity can be expressed as a non-minimal supergravity 
with an additional constraint (such that the number of off-shell components of the non- 
minimal supergravity is reduced from 40 to 32). Solving for this constraint one sees that 
'16-16 supergravity' may be either old-minimal supergravity coupled to a tensor multiplet 
or a formulation of new-minimal supergravity coupled to a chiral multiplet (Now 



the counting of the number of off-shell components yields 24+8; 24 being the number of 
supergravity components and 8 the number of tensor or chiral multiplet components). 
The action that describes this non-minimal supergravity theory is given by 

S = J E-^G'3"+^($$)-2" (5.1) 
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where G is a real linear multiplet and $ is a chiral multiplet (the $ in ( |5.1| ) is equal 
to (<I>')^/^, where is the chiral multiplet that appears in this follows from the 
U{1) charge of our $ or equivalently from its conformal weight (which is 3/2)). Now 
in (|5.1j ) either G or $ is a compensator field. Which one of the two is the compensator 
depends on the sign of the kinetic term of the scalar in the linear and chiral multiplet. 
If G is a compensator we are dealing with a new-minimal theory, whereas in case $ is 
the compensator the theory is old minimal. To determine the sign let us go to the gauge 
$ = 1 and then shift G G + 1. The factor 1 gives the usual supergravity action. 
The term quadratic in G has coefficient 3n{3n + 1). If this coefficient is positive then 
the kinetic term for the scalar in the tensor multiplet has the correct sign and $ is the 
compensator. 

The constraints that the supergravity algebra satisfies imply that we are in the "string 
gauge" G = 1. In this gauge the field content of the tensor multiplet has been moved 
to the supergravity fields. The antisymmetric tensor that couples in the sigma model is 
sitting in the supergravity multiplet and not in the tensor multiplet. This follows from 
the sigma-model constraints 

Tabc + {-1)^''2Habc = 0. (5.2) 
In addition, this relation implies 

-^a/3c = -iCa-fCp^ (5.3) 

In rigid superspace the Bianchi identities for the tensor mupliplet give 

H^p^ = -iGC^,Cp^. (5.4) 

So we indeed get G = 1. 

The action (|5.1| ) in the string gauge takes the form 

S = j <fxd^eE-\^^)-^''. (5.5) 

We emphasize that the fact that one can gauge away G does not mean that G is a 
compensating multiplet. It is only the signs of the kinetic terms that determine which 
multiplet is the physical one, and which is the compensator. 

To derive the field equations we will use a method developed by Wess and Zumino 
g. We define A^-^ = SEa^^Em^- Then using 

6E-^ = -E-\-1)'^Aa^. (5.6) 

the variation of the action is given by 

5S = I ^-^[-(-I)^Aa^ - 2n(50 + 50)](<l>$)~2". (5.7) 

However, A^"^, 50 and 50 are not unconstrained superfields. The variations of the super- 
fields should be along the constrained surface defined by the original constraints. This 
imposes constraints on the variations. In other words, given Va that satisfies ( |3.54|) - 
( P3^ ), Va + SVa, where 

SVa = ^A^'^B + Sco^fM^^ + 5TaY, (5.8) 
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should satisfy the same supergravity algebra to first order in the variations. We proceed 
to solve the constraints by expressing the variations in terms of prepotentials. 

For the purpose of obtaining the field equations one need not solve for all the varia- 
tions. All that we need is to express A^", Aq,"-^, Fq, in terms of uncontrained superfields. 
The need for Aq*" , F^ follows from the chirality of The variation of $ should respect 
its chirality 

= 6{V^<I>) = A^^Vc$ - ^5F«<I> + V^m, (5.9) 

and similarly for Aq,*^, Fq,. 

We start by solving (|3.54|) (from now on "solving" means "solving at the linearized 
level"). It is rather easy to solve all equation that arise. The results are 

A/ = V^tfj^ - V^/ - ^CJij 

A J = VaM^ 

<5F, = V^^ - 4:tHf,^M^ + 2VpHp^L' 

Suj^^^ = Va^^^ - 2iM^^H^)^ - 2iL^^W'^^ 

+ ^-L^i^^\V^\H'\ + i(L%V(,|i/V) + 7 ^) (5.10) 

where t/'q,^, ■?/', M°, L", 0^*^ are Lorentz irreducible superfields (e.g. ifja^ = 0). At this 
point they are unconstrained but they will be constrained when we will impose the rest 
of the supergravity algebra. Notice that we have also solved for the spin connections. We 
did this because they will be needed in the subsequent analysis. The complex conjugate 
equations are obtained from the above by just interchanging dotted with undotted indices. 
Note, however, that since STa — > STa (which follows from = —Y, see Appendix A) 
we have ip 

Next, the torsion part of (p.55|) implies 



A/ = l[V(,A^/ + 5a;^/ + ^5F^C/], 

A,'' = ^[V(,A^)''-2?A/C/-22A/C/], (5.11) 



From the curvature and U{1) parts of (|3.55| ) one can determine SHaa,S^aff ^^^a- How- 
ever, since we do not need these variations for the derivation of the field equations we 
will not solve the corresponding equations. 

The commutator in ( |3.56|) does not have any torsion part. This imposes certain 
constraints on the variations. Explicitly, we get that the following combinations should 
vanish 

-V,A/ + A.'^T.fe^ + V,A J - Suj,^^ - ^(5F,C„^ = (5.12) 
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-V,A,^ + A.Xb^ + V«A5^ = (5.13) 
-VtA^' + AjTdb" + 5uJo^p^C^^ + + V,A,^ + 2i/\,^Cp^ = (5.14) 

The first equation will constrain the prepotentials for 5uj^jp a- Since we are not in- 
terested in them we will not discuss further this equation. Equations ( |5.13|) and ( ^.14|) 
constrain the prepotentials ■j/^", 'ipa^ , ip, M", L"", cj)^^ as we now show. 

Inserting into ( ^.13|) the results from (|5.1CI| ) and ( ^.11|) and after some rather tedious 
algebra we get that certain combinations of the prepotentials are linear superfields. We 
solve these constraints to get 

V"(7/>^-M^)+7/>-V> = V"A„ 

V(a(V^^) - M^)) + 2(0^^ - V^„^) = V°ir„,^ (5.15) 

where A^, K^^^ are (at this point) unconstrained superfields. The calculation involves 
a rather delicate cancellation among all terms that are not linear in the fields or in the 
variations. One may anticipate such a cancellation since the solution of the full non-linear 
Bianchi's involves Haa and Wap-y only linearly. 

Proceeding in a similar way we get from ( |5.14] ) (again after tedious algebra and many 
cancellations) 

^V<i(L" - L") - A° + 2(M° - ^Z-") = V^Ofs" + (5.16) 

K'-fP + ^V(^|(L"I^) - L"l^)) = V^S/^^ + V"S^^ (5.17) 

where Op^, S/?"/?'''; S/j^ are Lorentz irreducible. 

We see that these equations only depend on certain differences of superfields. We 
define 

'ip = ij-i;- 4>afs = <l>af^-^a,3; t = L''-L''- = - V^". (5.18) 

In terms of these fields the equations ( 5.15[) , ( |5.17 ) and their complex conjugate read 



V^M +V = V"A„ 


(5.19) 


V„M° + i) = V°Ai 


(5.20) 


^V^L" - A" + 2M° = V^^/j" + 


(5.21) 


-^Va^" - A" + 2M° = v^e^^ + v^e 


(5.22) 


-V(^M^) + 20 = V"ir«/ 


(5.23) 


-V(,M^) + 20,^ = V"i?^/ 


(5.24) 




(5.25) 




(5.26) 
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The last four equations are irrelevant for the derivation of the field equations and, there- 
fore, we will not deal with them any further. The first four equations constrain the super- 
fields ilj,M,A°',6ai3,0. We now solve them in terms of new prepotentials (prepotentials- 
for-prepotentials). Equations (|5.21| ) and (|5.22|) can be used to solve for A" and A". 
Eliminating ip from ( |5.19| ) and ( p.20| ) we get 

- V"M, + V-^a = -V^C-VLa + VJ) + V"(-^V"L, + V^^) (5.27) 

The general solution of this equation is a particular solution plus the most general 
solution M° of the homogeneous equation. It is very easy to find a particular solution 

= ^V"L, + VJ (5.28) 

The general solution of the homogeneous equation is given by 

ifo = V^V^V + V^xpa + (5.29) 

where ^ is a real unconstrained superfield and Xai3, X ^ire Lorentz irreducible uncon- 
strained complex supefields. To prove the last statement we rewrite the equation as 

V°M« = V"Mi (5.30) 

The general solution of this equation is a particular solution plus a general element in 
the kernel of Va- The last two terms in ( p.29| ) are clearly the most general elements in 
the kernel of V^. It remains to show that the first term in the right hand side of ( ^.29|) 
is a particular solution of ( ^.301) . This follows from the identity 

V'V^VaV = V^V^VaV, (5.31) 

which can be proven by direct computation. We have, thus, shown that 

M„ = ^V"L, + VJ + V^VaV + V^xpa + V^Xa (5.32) 

Furthermore, 

A" = -^V^iL" + 2VV"l^ + V"^ + V^(2x/3" - ^/3") + 2V'x", 

{jj = 1[v„,Va]L'^ + 3V"VV„\/ + V2^ + V¥. (5.33) 

Next, we are going to express the variation of the dilaton superfield in terms of un- 
constrained superfields. We need to solve equation (|5.9|) . This is rather straightforward. 
The result is 

5$ = V^f/ - A'rV„<I) - V'S/i^ + i^A^, (5.34) 

where [/ is a complex unconstrained superfield. 

We are now almost ready to derive the field equations. We first need one more fact, 
namely that our supergravity algebra allows naive partial integrations. This follows from 
the identity 

E-^\JA=-E-\-\fTAB'' (5.35) 
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The proof of this identity can be found in p. 282, and it will not be repeated here 



Since in our supergravity algebra {—1)^Tab^ = naive partial integrations are allowed. 

The easiest equation to derive is the dilaton field equation. Integrating by part the 
derivatives from U and using the fact that $ is anti-chiral we get 

= 0, (5.36) 

or in terms of 

V^0 + V"0Va0 = O. (5.37) 

We now move on to derive the remaining equations. Direct computation gives 

-(-I)-^Aa^ = 2[V«(M°-V^") + V<i(M"-V^°)]+V^-^ 

-^(V„V«L'^ + V^Vo^n + V^r + (5.38) 

We see that some terms appear in the combinations of differences that we have already 
seen but not all of them. However, an interesting conspiracy happens when we take into 
account the dilaton terms. Integrating by parts the M-term in 5(f) the resulting Vq,M" 
combines with the bare Vq,'?/'" in ( |5.38| ) to V^M". Similarly, by integrating by parts 



the L terms in 50 and 5(j) we find that the L terms also organize themselves into L'^ 
(more precisely, we integrate by parts the term — |Z*Vf,$, the other half we keep as it 
is; similarly for the L term in 50). At this point we have 

8S = y'^-i[V«M" + V^i\2r%(l+n)^+^[V„,V^]L'^-r2L'^V.(0-0)]($<l')-2" (5.39) 
Inserting now (|5.32|) , (|5.33|) we get 



5S = J E-'C-{2n + l)[Vo.,V^]t-ntVai<p-^) + 

+n{V'^e + V¥) + (1 + 3n)V°V^Vc.1^]($i>)"^" (5.40) 



Clearly, 6 and 6 do not give any new equations. For n = — 1/2 the first term in ( ^.40|) 
drops out and we get the following field equation 

Va(0-0)=O, (5.41) 



Clearly, this equation implies ( [4.46| ). Equation ( [4.46| ), however, is a slightly weaker 



condition than that given by (|5.41| ). We think that it is very unlkely that it is possible 
to write down a different action that gives directly ( [4. 461) as its field equation instead 



of just (|5.41| ). It is clear though that in the class of theories described by an action of 
the form ( ^.5|) the n = —1/2 theory is the only one that can be the low energy effective 
action of the heterotic superstring. Furthermore, we expect that a two-loop calculation 
will confirm the value n = —1/2. 

For n = —1/2 (which is the n = 0,n = —1/2 case in the language of P3) 3n{3n + 1) 



is positive, and therefore, the low energy theory is old-minimal supergravity coupled 
to a tensor multiplet. The fact that the low energy effective action of the heterotic 
string is old-minimal supergravity was already predicted in H] using string field theory 
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arguments, and that it is in particular n = —1/2 '16-16 supergravity' in 0. Properties 



of low energy effective actions similar to ours have been studied in although the 
dilaton was incorrectly assumed to be part of G rather than $. 

It remains to determine the field equation that follows from V. It turns out that 
this equation follows from the other two as we now describe. Integrating by parts the 



derivatives from V and using that $ is chiral and linear (see ( ^.36|) ) we get 



(VaV^V^V"$)<l> + 2(VaV^V"$)(V^$) + 2(V^V"<I>)(V„V^$) = (5.42) 
Adding to this equation its complex conjugate we get 

V>Va0 - H'^Ha + ^ [V„, V^]i/"" = (5.43) 

To get this result one has to use the following two identities 
VaV"V"0 = 

^(V„i/°"V^0 - V^if^"V„0) - i/""V^0V,0 = 0. (5.44) 



that both follow from ( |5.41| ) 



It is now relatively straightforward to prove that (|5.43|) follows from ( 5.36| ) and ( 5.41| ). 
Equation ( |5.41D can be rewritten as 

i^aa = -^[V«,V^](0 + 0) (5.45) 

Acting with [Va, Vq,] one gets 

[V„, V^]if^" = -^V'^V,(0 + 4>) (5.46) 
Similarly by acting with V"V" on the dilaton field equation we get 

V'^V„(0 + 0) + 2VyVa<P - 2H'^Ha - '-[Va, V^]i/'^" = 0. (5.47) 



From ( 5.46| ) and (5.47) one immediately gets ( ^.43 ). 



6 Conclusions 

We have performed a one-loop computation to determine the low energy effective action 
of the heterotic superstring. This was done by first coupling the Berkovits string to a 
curved background and then requiring that it has an = 2 superconformal invariance at 
the one-loop level. The tree-level analysis gave a set of constraints that together with a 
maximal set of conventional constraints determined completely the supergravity algebra 
through the Bianchi identities. 

Computing the OPE's of the superconformal algebra at the one-loop level led to 
extra terms in the right hand side of the OPE's. The extra holomorphic terms could 
be cancelled by a particular and ill-understood choice of counterterms and background 
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(67) (68) (69) (70) 



Figure 1: A table of Feynman diagrams; crosses (x) indicate vertices from the non- 
dilaton parts of T,G, and G; encircled crosses ((g>) indicate vertices coming from their 
dilaton parts; double lines indicate background fields and single lines indicate quantum 
fields. Whenever the diagram is a contribution to < A{z)B{w) >, the leftmost cross will 
always indicate a vertex from A, the rightmost cross a vertex from B. 
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field expansions. The non-holomorphic terms led to the field equations. We found field 
equations only in the OPE's of T with G and T with T. This is accordance with the 
strange a' factors that appears in the definition of G and G. The one-loop calculation 
of < G{z)G{w) > yields only the tree-level part of T, and should therefore not contain 
any field equations (similarly for < G{z)G{w) >, < G{z)G{w) >). The calculation of 
< T{z)T{w) > led to three equations. However, only one of those is an independent 
equation, namely 

V^V,(0-0) =0. (6.1) 

The other two can be obtained by differentiating ( |6.1D . Vanishing of the non-holomorphic 
part of < T{z)G{w) > requires that precisely the same equation holds. 



We then studied the problem of finding the supergravity action that has ( |6.1| ) as its 
field equation. Starting with a general form of the supergravity action ( ^.5|) we obtained 
that only the n = 1/2 case 

S = f d^xd^OE^^^^ (6.2) 



is compatible with the string calculation. Hence, we conlude that this is the low energy 
effective action. This action describes old-minimal supergravity coupled to a tensor 



multiplet. Notice, however, that instead of equation ( |6.1| ) we find a slightly stronger field 
equation, namely 

V,(0-0)=O. (6.3) 

Another way to check that n = 1/2 is consistent is to look at the precise coefficient of the 
dilaton term in the sigma model action, and to use that one the sphere \ J d^zR^/g = —2. 

The action ( |6.2| leads to two more field equations 

V20 + V"0V„0 = (6.4) 
VyVa^-H-Ha+'-[V^Vo.]H^'' = (6.5) 

We saw a glimpse of the first one in the computation of < G{z)G{w) >, and the second 
is a consequence of the first one and (|6.3|) . Both will probably follow from a two- loop 
calculation. 

There are many different extensions and applications of our results. One extension 
is to include the compactification-dependent and the Yang- Mills background fields. This 
extension should be straightforward since all our methods are directly applicable. One 
may also try to extend our results to two loops. This is, however, a much more difficult 
task since the number of graphs one would need to compute grows enormously and, 
furthermore, one runs into problems of renormalization. It would be desirable to have 
a better understanding of the counterterms and different background field expansions 
for d before starting such a two-loop calculation. At this moment, the easiest way to 
obtain two-loop information seems to be to compute the conventional beta-functions, as 
discussed in section 4.4, at two loops. Further generalizations include the case of the 
type II string. Since the sigma model treats Neveu-Schwarz fields on the same footing 
as Ramond fields, the sigma model might provide interesting information about the 
geometry of the still, especially in the case of the type IIB string, mysterious Ramond 
fields. It should also be possible to generalize the covariant sigma model description of 
the heterotic string to the case of iV = (1, 2) heterotic strings. These string theories 
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have recently attracted some attention because they may be of direct relevance to M- 
theory [0. Another interesting possibility is to consider D-branes in an open type II 
version of the sigma model. Due to the simple nature of the Ramond fields, the Ramond 
charges carried by a D-brane should be clearly visible. In a somewhat different direction 
our results might shed light in the relation between target space supersymmetry and 
T-duality, and lead to new off-shell formulations for certain supergravity theories. 

All in all, we believe that this world-sheet point of view of string theory should provide 
a fruitful arena for further investigations. 
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A Conventions 

In this appendix we present the conventions used in this paper. We use a two component 



notation. Our conventions are the ones of For completeness we summarize the 

relevant points here. Indices from the first part of the alphabet (Greek or Roman) are 
target space (or flat) indices and from the middle part of the alphabet are curved indices. 
Greek letters are reserved for spinor two components indices (for example, is a two 
component spinor with a = +, — ) and Roman ones for vector indices. Each vector index 
is equivalent to one undotted and one dotted index (0" = 0""). Capital indices denote 
both a spinor (dotted and undotted) and vector index, whereas a tilde on a Greek index 
denotes both a dotted and undotted spinor index. Indices are raised and lowered using 
an s/2 invariant antisymmetric two dimensional matrix Cai3- Since Cap is antisymmetric, 
we have to specify how exactly we use it to raise and lower indices, and our convention 
is the so-called 'down-hill' rule from left to right for both the undotted and the dotted 
sector. 

To illustrate the above we give couple of examples: 

ip\a = rxa + rxc. = rxa + rx« + rxa (a.i) 

rCo.(3 = iJp; C"% = r (A.2) 

In addition, we have the following identity 

CapC^' = (A.3) 

where the square brackets indicate antisymmetrization. Similarly, parenthesis indicate 
symmetrization, and square bracket from the left and parenthesis from the right indicate 
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graded antisymmetrization. Our convention for (anti)-symmetrization is without any 
additional factors, i.e. 

= A^B^ + AfsB^. (A.4) 
Furthermore, indices between straight hues do not participate in (anti)-symmetrization. 
From ( |A.3|) we get 

C'^^C^p = 5." = 2 (A.5) 

Ca/SX-y — Ca-yXP = —Cp-yXa (A.6) 

= —Ccpx^x^ (A.7) 

The last identity is an example of a Fierz identity. Finally, although we are not going to 
need it, we quote the explicit form of the C-matrices 

C.p = C^'' = C^f, = a,= {^] (A.8) 

where a2 is the Pauli matrix. 

Our conventions for covariant derivatives, torsion, curvature, etc. are as follows 

Va = Ea^'Sm + ^a/M/ + u^f^M^f" + TaY, (A.9) 

[Va, Vb] = Tab'^Vc + Rab^'Ms^ + Rab^'M^"^ + FabY, (A.IO) 

where Ea'^ , ^a(P are the vielbein, the spin connection and the U{1) connection, 

respectively. Tab'~^ , Rab^^ and Fab are the torsion, the curvature tensor and the U{1) 
curvature, repectively. M^'^ are the generators of the Lorentz group. They are symmetric 
in a, and they act as follows 

[A/M/,s^] =A/s„, (A.ll) 

Finally, Y is the antihermitian generator of U{1). The U{1) charge of the various fields is 
given in the main text. In addition, we sometimes use w{A) to indicate the U{\) weight 
of the index A, which is defined by w{a.) = w{a) = — |, and w{a) = 0. Let us also 
give the explicit dependence of the torsion on the vierbein and the connections 

Tab"" = E[A^'dMEB)''EN^ + uj^ab^ + w{C)T[ASBf. (A.12) 

Both the spin connection and the curvature are reducible with respect to the Lorentz 
group, in order to preserve ( |3.52D . In particular, one has 

UJAb" = UJAI3"'Sf +UJ^^"'6/3^ (A. 13) 

coAfs' = c^a/ = (A. 14) 

Rabc" = Rab-(^S^^ + Rabj^Sj^ (A. 15) 

Rabc = Rab-P = Rab-1^ = 0. (A. 16) 

Finally, we use a version of hermitian conjugation, which we denote by c.c, and which 
acts as follows on the various objects 

(V«)^ = V^; iC^py = C.^; (M/)t = M^^; {Y)^ = -Y; (A.17) 

(V„)t = -V,; iH^^y = H^^; (W^^^)^ = W^^.. (A.18) 



51 



B Solving the Bianchi identities 



In this appendix we give some details of the solution of the Bianchi identities. There are 
two different Bianchi identities that we will solve: the Bianchi identity associated with the 
antisymmetric tensor Bmn and the Bianchi's associated with the covariant derivatives. 
The first one just expresses the fact that Hlmn is a closed 3-form (notice that the indices 
in Hlmn are curved indices). The second ones follow from the Jacobi identities for the 
covariant derivatives. 



Let us start from the latter. The equation we need to solve is the following 

^ABC" = R[ABC)'' + w{D)F[abSc)'', (B.l) 

where 

^ABC^ = '^[aTbC)^ — T[AB\^T[E\C)^ ■ (B.2) 

There are two other equations that follow from the Jacobi identities. One of them involves 
the covariant derivative of the curvatures Rabc^ and the other the covariant derivative 
of the U{1) curvature. They do not yield any further information, though, since they 
become true identities once (|B.1D is satisfied (Dragon's theorem [M). 



The second set of Bianchi identities is associated with the antisymmetric tensor. The 
field strength Hlmn is a closed 3-form. Therefore, 

cIHlmn = 0. (B.3) 

One now writes ( p.3|) in terms of covariant derivatives and with all indices flat. The 
result is a sum of two terms. The first ones vanish if the supergravity Bianchi's are 
satisfied. So, we are left with the following identity to solve 

'^[aHbcd) — T[ab\^ He\cd) = 0. (B.4) 

This equation has the same form as in fiat superspace. 

To solve (BTT) and ( |B.4| ) we decompose all tensors in irreducible representations of 



the Lorentz group and substitute these in ( |B.1| ) and ( p.4|) . By further decomposing the 
left and right hand side of ( |B.1D and ( |B.4| ) into Lorentz irreducible pieces we get relations 



among the different Lorentz components of the curvatures and the torsions. Eventually 
all tensors are expressed in terms of a few superfields that satisfy certain differential 
relations. 

The Lorentz decomposition is achieved by just symmetrizing and antisymmetrizing 
all similar indices. For example, the curvature Ra/s-yS contains an (3/2, 1/2) and an (1/2, 
1/2) irreducible component^. Explicitely we have 

+ C;3(7'^5)a (B.5) 

where ra^^j^^ is symmetric in P,'y,S and represents the (3/2, 1/2) component and rsa 
represents the (1/2, 1/2) piece. To give a second example, consider the torsion component 
Tabc- It contains the 6 different Lorentz components, namely (3/2, 0)©(l/2, 0)©(l/2, 0)© 

^ Our notation (a, b) refers to the representation(a, b) of the Lorentz group SL{2, C), where a is the 
spin carried by the undotted indices and b is the spin carried by the dotted indices. 
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(3/2, 1) © (1/2, 1) © (1/2, 1). The tree level constraint ( |3.39|) , however, eliminates half of 
them, and we get the following decomposition 

Tabc = C^^[Kap-f + Ca(l3K^)] + Cp^K^^^ (B.6) 

The Lorentz decomposition of the rest of the tensors is tabulated below 

+ {Capr^sfi + cyclic in /5, 7, 5) - Cpi^^r'^^^^ + Ca{^Cs)pr^ 

Fab = Caisfp + fal3,$ 

Fab = Capfap + C'a/j/a/S 

Tab^ = CapW^^^p + C^p{C^{^aWi3) + Wap-f) 

Habc = C^aC^pHa/B ~ C^jsC^aH^^ = 2 (^(i/3^7(a| -^7|/3) ~ C*Q^C^(Q,-ff^-)^) 

The Lorentz decomposition of the remaining components can be obtained from the ones 
listed above by hermitian conjugation, see ( |A.17| ),( |A.18| ). For example. 

To organize the calculation we start with the Bianchi's of lowest dimension (vector 
indices have dimension 1 and spinor indices dimension 1/2; then "dimension = lower 
indices - upper indices") and work our way up. The first non-trivial equation appears at 
dimension 1/2 and it involves only torsions. As mentioned in Appendix A the Lorentz 
group acts reducibly in target space. This implies that in the equation (d, /3, 7, (i)^ the 
right hand side vanishes identically. Then the equation yields 

^(«,,)/ = 0- (B-8) 
Using ( |B.6|) we get that the torsion T^^ vanishes. 

Because the curvatures RABcd are determined from the curvatures Rab-jS and Rab-jS 
it is, in general, advisable to analyze first the identities {A, B,^, 6). We start, however, 
by partly analyzing the equation (a, /3, c, d). The right hand side is equal to R^pcd- The 
left hand side is given by 

K0cd = ^^T^f^cd + ^CasCpsiTc.' + (B.9) 

To proceed further we need a result from the Bianchi's related to the antisymmetric 
tensor. From the equation (a, $, 7, S) (where now by (a, $, 7, S) we mean ( [B.4] ) with 

A = a, B = /3,C = -f,D = 5) we get 

Tap,bc = -2iJ„^ f,^ + T^C-ysC^si^ap/ + T^/s/) " T^CasC p^iTce^ + Tee') (B.IO) 



By (d, /?, 7, d) we mean equation (|B.l| ) with A — d,B = P,C = j,D — d. 
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Inserting this into ( |B.9|) we obtain 



A 



a$cd 



(B.ll) 



However, A is antisymmetric in the indices c and d since it is equal to i Hence, 



T ■ ^ -\-T ■ " - 

which combined with the conventional constraint 



rp e rp e 



yields 



af3,e 



T. 



0, 

: 
0. 



So, equations (|B.9D and ([B.IOD become 



R 



afScd aP,bc 
Tabc + "^Habc = 0. 



(B.12) 

(B.13) 
(B.14) 

(B.15) 



We now proceed with the supergravity Bianchi's. We will return to the antisymmetric 
tensor Bianchi's after we solve completely the gravity ones. In dimension 1 the left hand 
side of ( p.l| ) vanishes identically (due to constraints). There are 6 (non-trivial) equations 
at this level. Three of those, namely the equations (d, /3, 7, S), (d, j3, 7, 6), and (a, P, 7, 6), 
yield 



0, 



0, 



4r, 



a/3 - ^5 ^"ap = -'^rf^a, Fo^p = 4r„^. (B.16) 

The other three equations are the hermitian conjugates of these ones. The results are 
the hermitian conjugates of the equations ( p.l6|) . (One should remember that our U{1) 
generators are anti-hermitian; this yields an extra minus sign in the U{1) sector). 

At dimension 3/2 we have 4 equations. The equation (d,6, 7,5) yields 



0' 



-2iWa 



'Ml 



-2iW, 



ja/3 



Next we consider the equation (a, 6,7, 5). It yields 



0, r' 



1 



Combining these results with their hermitian conjugates we get 

i 



fs = -2r. 



70/3 • 



(B.17) 



(B.18) 



(B.19) 



At the dimension 2, from the equation (a, b, 7, 6) we get 

1 



w = - 

i 

fa/3 = 
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Sap- 



(B.20) 



The hermitian conjugate of this equations imphes that fa/3 = —{fa$)^ where the bar 
indicates that dotted and undotted indices should be interchanged. Exphcitely, we get 



(B.21) 



We now move to the case where the equations involve curvatures with two bosonic 
indices as the last two indices. There is no U{1) contribution in this sector because vector 
indices do not carry f/(l) charge. The results are tabulated below 



{a,P,c,d) : rai3 = r = 0, 

{a, /?, c, d) : r^^ = -f^„ - 
(a, b, c, d): = ^V^H^/s, W^p^ 

(a, 6, c, d) : W^^ 



--V if" 



(B.22) 

In deriving the results in (|B.22|) we have used ( P.15|) . 

Next we need to check the consistency between the results in ( |B.20| ) and the ones in 



:22p. This yields 



W = W = — V"V"iia„, VaH'' = 0. 



(B.23) 



All curvatures and torsions can now be expressed in terms of the superfields i^a/j, 
Wai3-y and Wa0^. The results are gathered below. 



2iHa{'yCs)l3 



1 



ab 



+ -CapVjV(^aHp^S + 7 — 5] 



F ■ 

Tab-y 



S S 



(B.24) 



55 



Furthermore, equation ( |B.21| ) becomes 



Vm.^p = lV(,|V^i/^|^) + ^V^V(„|ff^|;3). (B.25) 

The last non-trivial equation is the equation (a, 6, 7,5). It yields 

V^T,,^ = 0. (B.26) 
This, in turn, implies that Wap-y is a chiral superfield and Ha is a linear superfield 

V^iy„;37 = 0; WNpHa = Q. (B.27) 

The resulting supergravity algebra is given in ( p.54| )-( |3.57| ). This supergravity algebra 
is actually invariant under local superscale and local U{1) transformations as we now 
describe. To discover these transformations we start from the transformation rule of the 
vierbein 

5E^^ = IlE.^, (B.28) 

where L is a complex parameter. If L is real we are dealing with local scale transorma- 
tions, whereas if it is imaginary with U{1) transformations. The tranformation rules of 
the connections are determined by requiring invariance of the supergravity algebra under 
local superscale and/or local U{1) transformations. The manipulations involved are very 
similar to the ones we performed in section 5. The resulting transformation rules are 
given below 

6Va = ^LVa + Vp{L + L)M^^ - {2V^L + V„L)r 

5Vi = ]-LVa + V^(L + L)M^^ + (2ViL + VaL)Y 

SVa = \{L + L)Va + \V^{L + I)V, + '-V^{L + L)V^ 

+^V^V^(L + L)Mj + '-V^Vp{L + Z)M/ + ^(V„V^I - V^V«L)F(B.29) 
In addition 

5Ha = \{L + L)Ha - ^[V,, Vd(L + L) 

SW^p^ = ^(2L + L)W^p^. (B.30) 

The parameter L satisfies the equation 

V^(L + L) = 0. (B.31) 

This means L is an imaginary unconstrained superfield for U{1) transformations and 
a real linear superfield for scale transformations. From these transformation rules we 
can read off the relation between the conformal weight d and the U{1) charge w of a 
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chiral superfield, using the fact that scale transformations should respect the chirality 
condition, 5(Vq,0) = 0. This yields 

d + 3w = 0. (B.32) 

We now return to the antisymmetric tensor Bianchi's. Having already solved the 
supergravity Bianchi's it is rather easy to solve ( [8.41) . Most of the components of Habc 



have already been determined by the tree-level constraints 

= H'^b'y = 0; H^^^ = -iCayC^^. (B.33) 
Equations (a,/3,7,(5), (d, /?, 7, 5), 7,5) and (0,6,7,5) yield 

VaHjSys + cyclic in a, /5, 7, 5 = 0, (B.34) 

"^aHflyS + ^ pHofyS + '^-iHapS + W sHafB-^ = 0, (B.35) 

"^^H^^, + V^H^,s + V.H^p, + VsH^p^ = 0, (B.36) 

'H,,s = 0. (B.37) 
We conclude that = Ha/s-y = H^^^ = 0. 
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